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Introduction 

A hyperkahler manifold is by definition a Riemannian manifold M equipped 
with two anti-commuting almost complex structures /, J parallel with respect 
to the Levi-Civita connection. Hyperkahler manifolds were introduced by Calabi 
in jc) . Since then th ey have become the topic of much research. We refer the 



reader to ^ and to [ HKLR ] for excellent overviews of the subject. 

Let M be a hyperkahler manifold. The almost complex structures / and 
J generate an action of the quaternion algebra IH in the tangent bundle <d{M) 
to the manifold M. This action is parallel with respect to the Levi-Civita 
connection. Every quaternion e EI with /i^ = — 1, in particular, the product 
K = IJ E H, defines by means of the H-action an almost complex structure 
Alh on M. This almost complex structure is also parallel, hence integrable 
and Kahler. Thus every hyperkahler manifold M is canonically Kahler, and in 
many different ways. For the sake of convenience, we will consider M as a Kahler 
manifold by means of the complex structure M/, unless indicated otherwise. 

One of the basic facts about hyperkahler manifolds is that the Kahler man- 
ifold Ml underlying a hyperkahler manifold M is canonically holomorphically 
symplectic. To see this, let cuj, lok be the Kahler forms for the complex struc- 
tures Mj, Mk on the manifold A/, and consider the 2-form — ujj + ^/—Iluk 
on M. It is easy to check that the form is of Hodge type (2,0) for the com- 
plex structure Mj on M. Since it is obviously non-degenerate and closed, it 
is holomorphic, and the Kahler manifold Mj equipped with the form f2 is a 
holomorphically symplectic manifold. 

It is natural to ask whether every holomorphically symplectic manifold (M, £7) 
underlies a hyperkahler structure on M, and if so, then how many such hy- 
perkahler structures are there. Note that if such a hyperkahler structure exists, 
it is completely defined by the Kahler metric h on M. Indeed, the Kahler forms 
LOj and UK are by definition the real and imaginary parts of the form fl, and the 
forms ujj and lok together with the metric define the complex structures J and 
K on M and, consequently, the whole H-action in the tangent bundle 8(M). 
For the sake of simplicity, we will call a metric /i on a holomorphically symplec- 
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tic manifold {M, O) hyperkahler if the Riemannian manifold (M, h) with the 
quaternionic action associated to the pair (f2, h) is a hyperkahler manifold. 



It is known (see, e.g., |Bcau]) that if the holomorphically symplectic mani- 
fold M is compact, for example, if M is a i^3-surface, then every Kahler class in 
H^'^{M) contains a unique hyperkahler metric. This is, in fact, a consequence of 
the famous Calabi-Yau Theorem, which provides the canonical Ricci-flat met- 
ric on M with the given cohomology class. This Ricci-flat metric turns out 
to be hyperkahler. Thus in the compact case holomorphically symplectic and 
hyperkahler manifolds are essentially the same. 

The situation is completely different in the general case. For example, all 
holomorphically symplectic structures on the formal neighborhood of the ori- 
gin € C^" in the 2n-dimensional complex vector space C^" are isomorphic 
by the appropriate version of the Darboux Theorem. On the other hand, hy- 
perkahler structures on this formal neighborhood form an infinite-dimensional 



family (see, e.g., | HKLR |, where there is a construction of a smaller, but still 
infinite-dimensional family of hyperkahler metrics defined on the whole C^"). 
Thus, to obtain meaningful results, it seems necessary to restrict our attention 
to holomorphically symplectic manifolds belonging to some special class. 

The simplest class of non-compact holomorphically symplectic manifolds is 
formed by total spaces T*M to the cotangent bundle to complex manifolds M. 
In fact, the first examples of hyperkahler manifolds given by Calabi in were 
of this type, with M being a Kahler manifold of constant holomorphic sectional 
curvature (for example, a complex projective space). It has been conjectured 
for some time that every total space T*M of the cotangent bundle to a Kahler 
manifold admits a hyperkahler structure. The goal of this paper is to prove 
that this is indeed the case, if one agrees to consider only an open neighborhood 
U cT*M of the zero section M C T*M . Our main result is the following. 

Theorem 1 Let M be a complex manifold equipped with a Kahler metric. The 
metric on M extends to a hyperkahler metric h defined in the formal neighbor- 
hood of the zero section M <Z T* M in the total space T* M to the holomorphic 
cotangent bundle to M. The extended metric h is invariant under the action 
of the group U{1) on T*M given by dilatations along the fibers of the canonical 
projection p : T* M M. Moreover, every other U(l)- invariant hyperkahler 
metric on the holomorphically symplectic manifold T* M becomes equal to h af- 
ter a holomorphic symplectic U{l)-equivariant automorphism of T* M over M. 
Finally, if the Kahler metric on M is real- analytic, then the formal hyperkahler 
metric h converges to a real-analytic metric in an open neighborhood U C T*M 
of the zero section M C T* M . 

Many of the examples of hyperkahler metrics obtained by Theorem |l| are 



already known. (See, e.g., |Crl[, |Cr2[, ||, [|H|, gG|, ^.) In these exam 



pies M is usually a generalized flag manifold or a homogeneous space of some 
kind. On the other hand, very little is known for manifolds of general type. In 
particular, it seems that even for curves of genus g > 2 Theorem |^ is new. 

We would like to stress the importance of the J7(l)-invariance condition on 
the metric in the formulation of Theorem ^ This condition for a total space 
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T*M of a cotangent bundle is equivalent to a more general compatibility condi- 
tion between a [/(l)-action and a hyperkahler structure on a smooth manifold 
introduced by Hitchin (see, e.g., |H2]). Thus Theorem |l| can be also regarded 



as answering a question of Hitchin's in |H2], namely, whether every Kahler 
manifold can be embedded as the sub-manifold of C/(l)-fixed points in a U{1)- 
equivariant hyperkahler manifold. On the other hand, it is this J7(l)-invariance 
that guarantees the uniqueness of the metric h claimed in Theorem |l|. 

We also prove a version of Theorem |^ "without the metrics" . The Kahler 
metric on M in this theorem is replaced with a holomorphic connection V on 
the cotangent bundle to M without torsion and (2, 0)-curvature. We call such 
connections Kdhlerian. The total space of the cotangent bundle T*M is replaced 
with the total space TM of the complex-conjugate to the tangent bundle to 
M. (Note that a priori there is no complex structure on TM, but the U{1)- 
action by dilatations on this space is well-defined.) The analog of the notion of 
a hyperkahler manifold "without the metric" is the notion if a hypercomplex 
manifold (see, e.g., Q). We define a version of Hitchin's condition on the 
J7(l)-action for hypercomplex manifolds and prove the following. 

Theorem 2 Let AI he a complex manifold, and let TM be the total space of 
the complex- conjugate to the tangent bundle to M equipped with an action of 
the group U{1) by dilatation along the fibers of the projection TAI — > M . There 
exists a natural bijection between the set of all Kdhlerian connections on the 
cotangent bundle to M and the set of all isomorphism classes ofU{l)-equivariant 
hypercomplex structures on the formal neighborhood of the zero section M C TM 
in TM such that the projection p : TM M is holomorphic. If the Kdhlerian 
connection on M is real- analytic, the corresponding hypercomplex structure is 
defined in an open neighborhood U C TAI of the zero section. 

Our main technical tool in this paper is the relation between [/(l)-equiva- 
riant hyperkahler manifolds and the theory of R-Hodge structures discovered 



by Deligne and Simpson (see |D2|; [gljl). To emphasize this relation, we use 
the name Hodge manifolds for the hypercomplex manifolds equipped with a 
compatible J7(l)-action. 

It must be noted that many examples of hyperkahler manifolds equipped 
with a compatible ?7(l)-action are already known. Such are, for example, many 
of the manifolds constructred by the so-called hyperkahler redution from flat 



hyperkahler spaces (see [H2] and [HKLR]). An important class of such manifolds 
is formed by the so-called quiver varieties, studied by Nakajima (Q). On the 
other hand, the moduli spaces M. of fiat connections on a complex manifold M, 



studied by Hitchin (|H1|) when M is a curve and by Simpson (|S2[ in the general 



case, also belong to the class of Hodge manifolds, as Simpspn has shown in |Sl[ 
Some parts of our theory, especially the uniqueness statement of Theorem |l|, 
can be applied to these known examples. 

We now give a brief outline of the paper. Sections 1-3 are preliminary and 
included mostly to fix notation and terminology. Most of the facts in these 
sections are well-known. 
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In Section 1 we have collected the necessary facts from linear algebra 
about quaternionic vector spaces and R-Hodge structures. Everything is 
standard, with an exception, perhaps, of the notion of weakly Hodge map, 



which we introduce in Subsection 1.4 



We begin Section 2 with introducing a technical notion of a Hodge bun- 
dle on a smooth manifold equipped with a C/(l)-action. This notion will 
be heavily used throughout the paper. Then we switch to our main sub- 
ject, namely, various differential-geomteric objects related to a quaternion 
action in the tangent bundle. The rest of Section 2 deals with almost 
quaternionic manifolds and the compatibility conditions between an al- 
most quaternionic structure and a ?7(l)-action on a smooth manifold M . 

In Section 3 we describe various integrability conditions on an almost 
quaternionic structure. In particular, we recall the definition of a hyper- 
complex manifold and introduce U (l)-equivariant hypercomplex manifolds 
under the name of Hodge manifolds. We then rewrite the definition of a 
Hodge manifold in the more convenient language of Hodge bundles, to 



be used throughout the rest of the paper. Finally, in Subsection 3.2 we 
discuss metrics on hypercomplex and Hodge manifolds. We recall the 
definition of a hyperkahler manifold and define the notion of a polariza- 
tion of a Hodge manifold. A polarized Hodge manifold is the same as a 
hyperkahler manifold equipped with a J7(l)-action compatible with the 
hyperkahler structure of the sense of Hitchin, 



The main part of the paper begins in Section 4. We start with arbitrary 
Hodge manifolds and prove that in a neighborhood of the subset M'^^^'> of 
"regular" [/(l)-fixed points every such manifold M is canonically isomor- 
phic to an open neighborhood of the zero section in a total space 
of the tangent bundle to the fixed point set. A fixed point m € M is "reg- 
ular" if the group U{1) acts on the tangent space T^M with weights 
and 1. We call this canonical isomorphism the linearization of the regular 
Hodge manifold. 

The linearization construction can be considered as a hyperkahler analog 
of the Darboux-Weinstein Theorem in the symplectic geometry. Apart 
from the cotangent bundles, it can be applied to the Hitchin- Simpson 
moduli space M of flat connections on a Kahler manifold X. The reg- 
ular points in this case correspond to stable flat connections such that 
the underlying holomorphic bundle is also stable. The linearization con- 
struction provides a canonical embedding of the subspace Ai^'^^ C A4 of 
regular points into the total space T*Aio of the cotangent bundle to the 
space A4q of stable holomorphic bundles on X. The unicity statement 
of Theorem ^ guarantees that the hyperkahler metric on JVl^'^^ provided 
by the Simpson theory is the same as the canonical metric constructed in 
Theorem 0. 
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• Starting with Section 5, we deal only with total spaces TM of the complex- 
conjugate to tangent bundles to complex manifolds M. In Section 5 we 
describe Hodge manifolds structures on TM in terms of certain connec- 
tions on the locally trivial fibration TM M. "Connection" here is 
understood as a choice of the subbundle of horizontal vectors, regardless 
of the vector bundle structure on the fibration TM — > M. We establish a 
correspondence between Hodge manifold structures on TM and connec- 
tions on TM over M of certain type, which we call Hodge connection. 

• In Section 6 we restrict our attention to the formal neighborhood of the 
zero section M C TM. We introduce the appropriate "formal" versions 
of all the definitions and then establish a correspondence between formal 
Hodge connections on TM over M and certain differential operators on the 
manifold M itself, which we call extended connections. We also introduce 
a certain canonical algebra bundle B' {M, C) on the complex manifold M, 
which we call the Weil algebra of the manifold M. Extended connections 
give rise to natural derivations of the Weil algebra. 

• Before we can proceed with classification of extended connections on the 
manifold M and therefore of regular Hodge manifolds, we need to derive 
some linear- algebraic facts on the Weil algebra B'{M,C). This is the 
subject of Section 7. We begin with introducing a certain version of the 
de Rham complex of a smooth complex manifold, which we call the total 
de Rham complex. Then we combine it the material of Section 6 to define 
the so-called total Weil algebra of the manifold AI and establish some of 
its properties. Section 7 is the most technical part of the whole paper. 
The reader is advised to skip reading it until needed. 



Section 8 is the main section of the paper. In this section we prove, using 
the technical results of Section 7, that extended connections on M are in 
a natural one-to-one correspondence with Kahlerian connections on the 



cotangent bundle to M (Theorem 8T). This proves the formal part of 
Theorem ||. 

In Section 9 we deal with polarizations. After some preliminaries, we use 
Theorem || to deduce the formal part of Theorem |l| (see Theorem 9T ) . 



• Finally, in Section ^ we study the convergence of our formal series and 
prove Theorem Q and Theorem || in the real-analytic case. 

• We have also attached a brief Appendix, where we sketch a more concep- 
tual approach to some of the linear algebra used in the paper, in particular, 
to our notion of a weakly Hodge map. This approach also allows us to 



describe a simple and conceptual proof of Proposition 7.1, the most tech- 
nical of the facts proved in Section 7. The Appendix is mostly based on 
results of Deligne and Simpson (|D2|, pM). 
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1. Preliminary facts from linear algebra 
1.1. Quaternionic vector spaces 

1.1.1. Throughout the paper denote by EI the R-algebra of quaternions. 
Definition. A quaternionic vector space is a finite-dimensional left module over 
the algebra H. 

Let V be a quaternionic vector space. Every algebra embedding / : C ^ M 
defines by restriction an action of C on V. Denote the corresponding complex 
vector space by Vj. 

Fix once and for all an algebra embedding / : C ^ H and call the complex 
structure Vj the preferred complex structure on V . 

1.1.2. Let the group C* act on the algebra EI by conjugation by /(C*). Since 
/(M*) C /(C*) lies in the center of the algebra H, this action factors through the 
map : C* ^ C*/K.* = U(l) from C* to the one-dimensional unitary group 
defined by N(a) — a^^a. Call this action the standard action of U{1) on H. 

The standard action commutes with the multiplication and leaves invariant 
the subalgebra /(C). Therefore it extends to an action of the complex algebraic 
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group C* D U{1) on the algebra H considered as a right complex vector space 
over /(C). Call this action the standard action of C* on H. 

1.1.3. Definition. An equivariant quaternionic vector space is a quaternionic 
vector space V equipped with an action of the group U{1) such that the action 
map 

is J7(l)-equivariant. 

The [/(l)-action on V extends to an action of C* on the complex vector 
space Vj. The action map H V ^ V factors through a map 

Mult :U<^cVi ^Vi 

of complex vector spaces. This map is C*-equivariant if and only if V is an 
equivariant quaternionic vector space. 

1.1.4. The category of complex algebraic representations V of the group C* is 

equivalent to the category of graded vector spaces V = (BV . We will say that 
a representation W is of weight i if W = W^, that is, if an element z & C* acts 
on W by multiplication by z''. For every representation W we will denote by 
W{k) the representation corresponding to the grading 

W{ky = W^+\ 

1.1.5. The algebra H considered as a complex vector space by means of right 

multiplication by /(C) decomposes H = /(C) © C with respect to the standard 
C*-action. The first summand is of weight 0, and the second is of weight 1. 
This decomposition is compatible with the left /(C)-actions as well and induces 
for every complex vector space W a decomposition 

H oc = ® c oc w: 

If W is equipped with an C*-action, the second summand is canonically isomor- 
phic to W(l), where W is the vector space complex-conjugate to W . 

1.1.6. Let V be an equivariant quaternionic vector space. The action map 

Mult ■.m®cVi^Vi®£®Vi ^Vi 

decomposes Mult = id© j for a certain map j : V/(l) — > V/. The map j satisfies 
j o j = —id, and we obviously have the following. 

Lemma. The correspondence V i — > {Vi,j) is an equivalence of categories bet- 
ween the category of equivariant quaternionic vector spaces and the category of 
pairs (W.j) of a graded complex vector space W and a map j : W W^~' 
satisfying j o j = — id. 

1.1.7. We will also need a particular class of equivariant quaternionic vector 

spaces which we will call regular. 

Definition. An equivariant quaternionic vector space V is called regular if every 
irreducible C*-subrepresentation of Vi is either trivial or of weight 1. 
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Lemma. Let V he a regular <C* -equivariant quaternionic vector space and let 
C Vi be the subspace of C* -invariant vectors. Then the action map 

is invertible. 

Proof. Let y/ C Vj be the weight 1 subspace with respect to the gm-action. 
Since V is regular, Vj = Vj . On the other hand, j : Vj ^ Vi interchanges 
Vj and Vj. Therefore Vj = Vj and we are done. □ 
Thus every regular equivariant quaternionic vector space is a sum of several 
copies of the algebra HI itself. The corresponding Hodge structure has Hodge 
numbers h^'^ = h^'^, /i^'' = otherwise. 



1.2. The complementary complex structure 

1.2.1. Let J : C ^ H be another algebra embedding. Say that embeddings I 
and J are complementary if 

j{V^)iiV^) = -i{V^)JiV^). 

Let V be an equivariant quaternionic vector space. The standard U (l)-action on 

HI induces an action of U{1) on the set of all algebra embeddings C ^ H. On the 
subset of embeddings complementary to / this action is transitive. Therefore for 
every two embeddings Ji , J2 : C — > H complementary to I the complex vector 
spaces Vj-^ and Vj.-^ arc canonically isomorphic. We will from now on choose for 
convenience an algebra embedding J : C ^ H complementary to / and speak 
of the complementary complex structure Vj on V; however, nothing depends on 
this choice. 

1.2.2. For every equivariant quaternionic vector space V the complementary 
embedding J : C — > H induces an isomorphism 

J O id : C Or y ^ H 0^(0 Vj 

of complex vector spaces. Let Mult : H (8)/(c) V)- — > V/, Mult : C Ok V ^ Vj 
be the action maps. Then there exists a unique isomorphism H : Vj ^ Vj of 
complex vector spaces such that the diagram 

Mult Mult 

Vj Vi 

is commutative. Call the map H : Vj ^ Vj the standard isomorphism between 
the complementary and the preferred complex structures on the equivariant 
quaternionic vector space V. 

1.2.3. Note that both Vj and Vj are canonically isomorphic to V as real vector 
spaces; therefore the map H : Vj Vj is in fact an automorphism of the real 
vector space V. Up to a constant this automorphism is given by the action of 
the element /(-/^) + J{\/-i) € H on the H-module V. 
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1.3. M-Hodge structures 

1.3.1. Recall that a pure ^-Hodge structure W of weight i is a pair of a graded 
complex vector space W = (Bp+q=iWP''^ and a real structure map - : WP'I 
W^'P satisfying - o _ ~ id. The bigrading is called the Hodge type bigrading. 
The dimensions h^''^ = dime W^'"^ are called the Hodge numbers of the pure 
M-Hodge structure W. Maps between pure Hodge structures are by definition 
maps of their underlying complex vector spaces compatible with the bigrading 
and the real structure maps. 

1.3.2. Recall also that for every k the Hodge-Tate pure M-Hodge structure 
R(fc) of weight —2k is by definition the 1-dimensional complex vector space 
with complex conjugation equal to (—1)'^ times the usual one, and with Hodge 
bigrading 

j^|M(fc), p = q = -k, 
1 0, otherwise. 

For a pure M-Hodge structure V denote, as usual, by V{k) the tensor product 
y(fc) = V(g>R{k). 

1.3.3. We will also need special notation for another common R-Hodge struc- 
ture, which we now introduce. Note that for every complex 1^ be a complex 
vector space the complex vector space V ®r C carries a canonical M-Hodge 
structure of weight 1 with Hodge bigrading given by 

1/1^0 ^ F C F ®R C V°^^^V(g)RC. 

In particular, C(8'rC carries a natural R-Hodge structure of weight 1 with Hodge 
numbers = = 1. Denote this Hodge structure by Wi. 

1.3.4. Let (W,-) be a pure Hodge structure, and denote by Wr C W the M- 
vector subspace of elements preserved by -. Define the Weil operator C : W 
W by 

The operator C : W ^ W preserves the R-Hodge structure, in particular, 
the subspace Wr C W. On pure R-Hodge structures of weight the Weil 
operator C corresponds to the action of —1 G U{1) C C* in the corresponding 
representation. 

1.3.5. For a pure Hodge structure W of weight i let 



j = Co-: W'^-' W 



I-* 



If i is odd, in particular, if i = 1, then j o j = —id. Together with Lemma 1.1.6 
this gives the following. 

Lemma. The category of equivariant quaternionic vector spaces is equivalent 
to the category of pure M.-Hodge structures of weight 1. 



1.3.6. Let V be an equivariant quaternionic vector space, and let (W,-) be 
R-Hodge structure of weight 1 corresponding to V under the equivalence of 
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Lemma 1.3.5. By definition the complex vector space W is canonically isomor- 



phic to the complex vector space Vj with the preferred complex structure on 
V. It will be more convenient for us to identify W with the complementary 
complex vector space Vj by means of the standard isomorphism H : Vj Vj. 
The multiplication map 



Mult ■.Vi(g)MC = V(g)cM^Vj 

is then a map of R-Hodge structures. The complex conjugation - : W ^ W is 
given by 



(1.1) 



CoHojo = Coi:Vj ^Vj, 



where z : Vj 1^/ is the action of the element /(-\/— 1) C 



1.4. Weakly Hodge maps 

1.4.1. Recall that the category of pure R- Hodge structures of weight i is equiv- 
alent to the category of pairs (V, F') of a real vector space V and a decreasing 
filtration F' on the complex vector space Vc = V (E)r C satisfying 

Vc= FPVcnFH^. 

p+q=i 

The filtration F' is called the Hodge filtration. The Hodge type grading and the 
Hodge filtration are related by = F^Vt hPH^ and FWc = ®k>pV''''-'' . 

1.4.2. Let {V,F') and {W,F') be pure R-Hodge structures of weights n and 
m respectively. Usually maps of pure Hodge structures are required to preserve 
the weights, so that Hom(V, W) — unless n = m. In this paper we will need 
the following weaker notion of maps between pure R-Hodge structures. 
Definition. An R-linear map f : V ^ W is said to be weakly Hodge if it 
preserves the Hodge filtrations. 

Equivalently, the complexified map / : Vc — > Wc must decompose 

(1.2) / = jp,m,-n-p 

0<p<m~n 

where the map fP.™-~^'--p ; Vc Wc is of Hodge type (p,m — n — p). Note 
that this condition is indeed weaker than the usual definition of a map of Hodge 
structures: a weakly Hodge map f : V ^ W can be non-trivial if m is strictly 
greater than n. If m < n, then / must be trivial, and if m = n, then weakly 
Hodge maps from ^ to are the same as usual maps of R-Hodge structures. 

1.4.3. We will denote by WHodge the category of pure R-Hodge structures of 
arbitrary weight with weakly Hodge maps as morphisms. For every integer n 
let WHodgej^ be the full subcategory in WHodge consisting of pure R-Hodge 
structures of weight n, and let WTiodgcy^ be the full subcategory of R-Hodge 
structures of weight not less than n. Since weakly Hodge maps between R-Hodge 
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structures of the same weight are the same as usual maps of R- Hodge structures, 
the category WHodge^ is the usual category of pure R-Hodge structures of 
weight n. 

1.4.4. Let Wi = C (g)R C be the pure Hodge structure of weight 1 with Hodge 
numbers h^'^ — h^'^ — 1, as in 1.3.3| . The diagonal embedding C ^ C (8)r C 



considered as a map uii : M ^ Wi from the trivial pure M-Hodge structure 
of wei ght to Wi is obviously weakly Hodge. It decomposes wi = + w^'^ 
as in (|l.2| ), and the components : C Wl'^ and w^'^ : C — > W^'^ are 
isomorphisms of complex vectors spaces. Moreover, for every pure R-Hodge 
structure V of weight n the map wi induces a weakly Hodge map wi : V ^ 
Wi (8) V, and the components wl'° ■.Vc^Vc<» '° and w°{^ : Vfc ^ Vfc «> W" 
are again isomorphisms of complex vector spaces. 

More generally, for every A: > let Wfe — S'^Wi be the fc-th symmetric power 
of the Hodge structure Wi . The space Wfe is a pure M- Hodge structure of weight 
fc, with Hodge numbers h'''° = h''-'^-^ = h^^'^ = 1. Let : M Wfe be 

the fc-th symmetric power of the map wi : R — s- Wi. For every pure R-Hodge 
structure V of weight n the map Wk induces a weakly Hodge map Wk '■ V ^ 
Wk <8) V , and the components 

-Vc^Vc® Wf'-^ < p < fc 

are isomorphisms of complex vector spaces. 

1.4.5. The map Wk is a universal weakly Hodge map from a pure R-Hodge 
structures V of weight n to a pure R-Hodge structure of weight n + k. More 
precisely, every weakly Hodge map f : V ^ V' from to a pure R-Hodge 
structure V' of weight n+k factors uniquely through Wk ■ V ^ Wk^V by means 
of a map /' : Wk ®V^V' preserving the pure M-Hodge structures. Indeed, 
Vc^Wk = 0o<p<fe Vc®Wl'''-P, and the maps wI^'^'P : Vc ^ Vc^W^^''-'' are 
invertible. Hence to obtain the desired factorization it is necessary and sufficient 
to set 



where / = J2o<p<k f^''^~^ is the Hodge type decomposition (|l.2|). 
1.4.6. It will be convenient to reformulate the universal properties of the maps 
Wk as follows. By definition Wk = S^Wi, therefore the dual M- Hodge structures 
equal = S^Wl, and for every n, fc > we have a canonical projection 
can : W* ® WI ^ y^n+k- For every pure R-Hodge structure V of weight fc > 
let T(V) = y ® 

Lemma. The correspondence V T(V) extends to a functor 

r : WHodge^o WHodge^ 

adjoint on the right to the canonical embedding WTLodgcQ ^ WHodge^Q. 

Proof. Consider a weakly Hodge map / : y„ — > Vn+k from R-Hodge structure Vn 
of weight n to a pure R-Hodge structure Vn+k of weight n + k. By the universal 
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property the map / factors through the canonical map Wk ■ Vn — > Vn <8i Wfc by 
means of a map /fe : Ki <8) Wfe Vn+k- Let f^'-Vk ^ Vn+k ® be the adjoint 
map, and let 

r(/) = can o :r(K) = K ® W*, -> Vn+k ® W: (g> W*, ^ 

->r(K+fe) = v^®w,:+,.. 

This defines the desired functor F : WHodge^Q WHodgeQ. The adjointness 
is obvious. □ 
Remark. See Appendix for a more geometric description of the functor F : 
WHodge^o WHodgeQ. 

1.4.7. The complex vector space Wi ~ C (E)m C is equipped with a canonical 
skew-symmetric trace pairing Wi (g)c Wi C. Let 7 : C ^ W* be the map 
dual to wi : R — > Wi under this pairing. The map 7 is not weakly Hodge, but it 
decomposes 7 — 7^^^° + j^'^'^ with respect to the Hodge type grading. Denote 
7i = 7"^'*^, 7r = 7*^'"^. For every < p < fc the symmetric powers of the maps 
7;, 7r give canonical complex-linear embeddings 

7i,7r:W;^Wfc*. 

1.4.8. The map 7; if of Hodge type {p—k,0), while 7^ is of Hodge type (0,p — fc), 
and the maps 7;, 7r are complex conjugate to each other. Moreover, they are 
each compatible with the natural maps can : W* (g) W* ^^p+q in the sense 
that can o (7; (g) 7/) =7/0 can and can o (7,. (g 7,.) — ° can. For every p, q, k 
such that p + q> k we have a short exact sequence 

(1.3) 

> Wp+q-k -^^^ ® W* W^! > 

of complex vector spaces. We will need this exact sequence in |7.1.7| . 

1.4.9. The functor F is, in general, not a tensor functor. However, the canonical 
maps can : W* (gW^ ^n+fc define for every two pure M- Hodge structures V\, 
V2 of non-negative weight a surjective map 

F(yi)(gF(V2)^r(Fi®y2). 

These maps are functorial in Vi and V2 and commute with the associativity 
and the commutativity morphisms. Moreover, for every algebra A in the tensor 
category yVHodge^Q they turn T{A) into an algebra in WTiodgcQ. 

1.5. Polarizations 

1.5.1. Consider a quaternionic vector space V, and let ft, be a Euclidean metric 
on V. 

Definition. The metric h is called Quaternionic- Hermitian if for any algebra 
embedding / : C ^ H the metric h is the real part of an Hermitian metric on 
the complex vector space V7 . 
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Equivalently, a metric is Quaternionic-Hermitian if it is invariant under the 
action of the group SU (2) C H of unitary quaternions. 

1.5.2. Assume that the quaternionic vector space V is equivariant. Say that 
a metric h on V in Hermitian- Hodge if it is Quaternionic-Hermitian and, in 
addition, invariant under the ?7(l)-action on V. 

Let Vj be the vector space V with the preferred complex structure /, and 

let 

and j : V V^^' be as in Lemma |1.1.6[ The metric h is Hermitian-Hodge if 
and only if 

(i) it is the real part of an Hermitian metric on Vi, 

(ii) h{VP, V^) = whenever p q, and 

(iii) h{j{a), b) = —h{a,j{b)) for every a,b £V. 

1.5.3. Recall that a polarization S on a pure M-Hodge structure W of weight 
i is a bilinear form S : W ^ M.{—i) which is a morphism of pure Hodge 
structures and satisfies 

S{a,b) = {-iyS{b,a) 
S{a,Ca) > 

for every a, 6 e W. (Here C : W ^ W is the Weil operator.) 

1.5.4. Let V be an equivariant quaternionic vector space equipped with an 
Euclidean metric h, and let {W, -) be the pure M-Hodge structure of weight 1 



associated to V by Lemma 1.3.5. Recall that = Vj as a complex vector 
space. Assume that h extends to an Hermitian metric hj on Vj, and let S : 
W (E) W ]R(— 1) be the bilinear form defined by 

S{a,b)^h{a,Cb), a, 6 € Wr C W^. 

The form S" is a polarization if and only if the metric h is Hermitian-Hodge. This 
gives a one-to-one correspondence between the set of Hermitian-Hodge metrics 
on V and the set of polarizations on the Hodge structure W. 
1.5.5. Let W* be the Hodge structure of weight —1 dual to W. The sets of 
polarizations on W and on W* are, of course, in a natural one-to-one correspon- 
dence. It will be more convenient for us to identify the set of Hermitian-Hodge 
metrics on V with the set of polarizations on W* rather then on W. 

Assume that the metric h on the equivariant quaternionic vector space V 
is Hermitian-Hodge, and let S £ A'^{W) C A'^{V (E C) be the corresponding 
polarization. Extend h to an Hermitian metric hj on the complex vector space 
V with the preferred complex structure V7, and let 

uJi e Vi (E)V7 C A'^iV (g)M C) 
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be the imaginary part of the corresponding Hermitian metric on the dual space 
Vj. Let i -.Vj ~*Vj the action of the clement /(\/^) e H. By (^) we have 

U!i{a,b) — h{a,i{b)) = h{a,Cb) ~ S{a,b) 

for every a,b E Vj C V (E)C Since ajj is real, and V — Vj ®Vj, the 2- forms 
uji and S are related by 

(1.4) c.,-i(5 + K^)), 

where i/: ViS)C^V^Cis the usual complex conjugation. 



2. Hodge bundles and quaternionic manifolds 
2.1. Hodge bundles 

2.1.1. Throughout the rest of the paper, our main tool in studying hyperkahler 
structures on smooth manifolds will be the equivalence between equivariant 
quaternionic vector spaces and pure M-Hodge structures of weight 1, established 



in Lemma 1.1.6 . In order to use it, we will need to generalize this equivalence 
to the case of vector bundles over a smooth manifold M, rather than just vector 
spaces. We will also need to consider manifolds equipped with a smooth action 
of the group U{1), and we would like our generalization to take this ?7(l)-action 
into account. 

Such a generalization requires, among other things, an appropriate notion 
of a vector bundle equipped with a pure M-Hodge structure. We introduce and 
study one version of such a notion in this section, under the name of a Hodge 



bundle (see Definition 2.1.S) 



2.1.2. Let M be a smooth manifold equipped with a smooth J7(l)-action (or a 
U{1) -manifold, to simplify the terminology), and let l : M ^ M be the action 
of the element -1 e U{1) C C*. 

Definition. An Hodge bundle of weight /c on M is a pair {£,-) of a t/(l)-equi- 
variant complex vector bundle £ on M and a [/(l)-equivariant bundle map 
- : L*£{k) £ satisfying -o t*- = id. 

Hodge bundles of weight k over M form a tensor R-linear additive category, 
denoted by WHodgCf^iM). 

2.1.3. Let £, T be two Hodge bundles on M of weights m and n. Say that 
a bundle map. or, more generally, a differential operator f : £ ^ J- is weakly 
Hodge if 

(i) / = I-*/, and 

(ii) there exists a decomposition / = J2o<n-m fi with fi being of degree i 
with respect to he [/(l)-equivariant structure. (In particular, f = unless 
n > m, and we always have fk = l* fn-m-k-) 
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Denote by WHodge{M) the category of Hodge bundles of arbitrary weight 
on M, with weakly Hodge bundle maps as morphisms. For every i the category 
WTi.odge^{M) is a full subcategory in WHodge{M). Introduce also the cat- 
egory WHodge^ {M) with the same objects as WHodge{M) but with weakly 
Hodge differential operators as morphisms. Both the categories 'W'Hodge{M) 
and yVTiodge^{M) are additive M-linear tensor categories. 
2.1.4. For a weakly Hodge map f : 8 T call the canonical decomposition 

E 

the H-type decomposition. For a Hodge bundle £ on M of non-negative weight 
k let r(f) — 8 yy^, where W/c is the canonical pure R-Hodges structure 



introdu ced in |l.4.4| . The universal properties of the Hodge structures Wk and 
Lemma IA.(\ generalize immediately to Hodge bundles. In particular, F extends 



to a functor F : WHodgey^^{M) WHodgeQ^M) adjoint on the right to the 
canonical embedding. 

2.1.5. If the J7(l)-action on M is trivial, then Hodge bundles of weight i are 
the same as real vector bundles £ equipped with a Hodge type grading £ = 
(Bp+q=i£^''^ on the complexification £c = £ (?)r C. In particular, if M = pt 
is a single point, then 'WHodge{M) = WHodge^ {M) is the category of pure 
K-Hodge structures. Weakly Hodge bundle map are then the same as weakly 



Hodge maps of M-Hodge structures considered in 1.4.2. (Thus the notion of 
a Hodge bundle is indeed a generalization of the notion of a pure M-Hodge 
structure.) 

2.1.6. The categories of Hodge bundles are functorial in M , namely, for every 
smooth map / : Mi M2 of smooth C/(l)-manifolds Mi, M2 there exist pull- 
back functors 

/* : WHodge{Mi) -> WHodge{Mi) 
f* : WHodge^iMi) WHodge'^ (Mi). 

In particular, let M be a smooth [/(l)-manifold and let tt : M pt be the 
canonical projection. Then every R-Hodge structure V of weight i defines a 
constant Hodge bundle 'k*V on M, which we denote for simplicity by the same 
letter V. Thus the trivial bundle R = A'^{M) = 7r*M(0) has a natural structure 
of a Hodge bundle of weight 0. 

2.1.7. To give a first example of Hodge bundles and weakly Hodge maps, con- 
sider a J7(l)-manifold M equipped with a [/(l)-invariant almost complex struc- 
ture Mj. Let A*(M, C) = ®A'''^~'{Mi) be the usual Hodge type decomposition 
of the bundles A*(M, C) of complex valued differential forms on M. The complex 
vector bundles AP''^{Mj) are naturally t/(l)-equivariant. Let 



-■.AP-^Mi) L*Ai'P{Mi) 



be the usual complex conjugation, and introduce a ?7(l)-equivariant structure 
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on A' (M, C) by setting 

0<3<i 

The bundle A'(M, C) with these t/(l)-equivariant structure and complex con- 
jugation is a Hodge bundle of weight i on M. The de Rham differential dm is 
weakly Hodge, and the H-type decomposition for d]\i is in this case the usual 
Hodge type decomposition d = d + d. 



2.1.8. Remark. Definition 2.1.2 is somewhat technical. It can be heuristically 
rephrased as follows. For a complex vector bundle £ on M the space of smooth 
global section C°°{M,£) is a module over the algebra C°°{M,C) of smooth C- 
valued functions on M, and the bundle £ is completely defined by the module 
C°°{M,£). The [/(l)-action on M induces a representation of U{1) on the 
algebra C°°(M,C). Let v : C°°(M,C) C°°{M,C) be composition of the 
complex conjugation and the map t* : C°°(M, C) C°°(M, C). The map v 
is an anti-complex involution; together with the t/(l)-action it defines a pure 
R-Hodge structure of weight on the algebra C°°(M, C). Giving a weight i 
Hodge bundle structure on £ is then equivalent to giving a weight i pure M- 
Hodge structure on the module C°°{M,£) such that the multiplication map 

C°°(Af,C) ® C°°(M,£) ^ C°°(Af,£) 

is a map of R-Hodge structures. 



2.2. Equivariant quaternionic manifolds 

2.2.1. We now turn to our main subject, namely, various differential-geomet- 
ric structures on smooth manifolds associated to actions of the algebra HI of 
quaternions. 

2.2.2. Definition. A smooth manifold M is called quaternionic if it is equipped 
with a smooth action of the algebra H on its cotangent bundle A^(Af). 

Let M be a quaternionic manifold. Every algebra embedding J : C — > H 
defines by restriction an almost complex structure on the manifold M. Denote 
this almost complex structure by Mj. 

2.2.3. Assume that the manifold M is equipped with a smooth action of the 
group U{1), and consider the standard action of C/(l) on the vector space H. 
Call the quaternionic structure and the J7(l)-action on M compatible if the 
action map 

H®K Ai(Af) A^M) 

is C/(l)-equivariant. 

Equivalently, the quaternionic structure and the l7(l)-action are compatible 
if the action preserves the almost complex structure Af/, and the action map 

H®c Ai^°(Af/) ^ A^'°{Mi) 

is t/(l)-equivariant. 
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2.2.4. Definition. A quaternionic manifold M equipped with a compatible 
smooth ?7(l)-action is called an equivariant quaternionic manifold. 

For a C/(l)-equivariant complex vector bundle £ on M denote by £{k) the 
bundle £ with [/(l)-equivariant structure twisted by the 1-dimensional repre- 
sentation of weight k. Lemma |l.l.6| immediately gives the following. 

Lemma. The category of quaternionic manifolds is equivalent to the category of 
pairs {Mi, j) of an almost complex manifold Mj and a C-linear U{1)- equivariant 
smooth map j : A'^'^(Af/)(l) — > A'''"'^(A//) satisfying j o j = —id. 



2.3. Quaternionic manifolds and Hodge bundles 

2.3.1. Let M be a smooth [/(l)-manifold. Recall that we have introduced in 



1.3.5 



Subsection 2.1 a notion of a Hodge bundle on M. Hodge bundles arise natu- 
rally in the study of quaternionic structures on Af in the following way. Define a 
quaternionic bundle on Af as a real vector bundle £ equipped with a left action 
of the algebra H, and let Bun(Af , H) be the category of smooth quaternionic 
vector bundles on the manifold Af. Let also Bun'^'-^-' (A4^, H) be the category of 
smooth quaternionic bundles £ on M equipped with a J7(l)-equivariant struc- 
ture such that the H-action map H — *■ £nd {£) is ?7(l)-equivariant. Lemma 
immediately generalizes to give the following. 

Lemma. The category Bun'^^^-' (A/, H) is equivalent to the category of Hodge 
bundles of weight 1 on M . 

2.3.2. Note that if the [/(l)-manifold Af is equippe d with an almost complex 
structure, then the decomposition H = C © f (C) (see |l.l.5| ) induces an isomor- 
phism 

can : H(»j(c) A^-^ = A^'°{M) ® A°'\M) = A\M,C). 

The weight 1 Hodge bundle structure on A-'^(Af, C) corresponding to the natural 
quaternionic structure on ]HI(g)/(c) A'^'^(Af) is the same as the one considered in 

2.3.3. Assume now that the smooth [/(l)-manifold A/ is equipped with a com- 
patible quaternionic structure, and let Af/ be the preferred almost complex 
structure on Af . Since A// is preserved by the t/(l)-action on Af , the complex 
vector bundle A'''^(Af/) of (0, l)-forms on Af/ is naturally C/(l)-equivariant. 

The quaternionic structure on A^(A/) induces by Lemma |2.3.1 a weight- 



1 Hodge bundle structure on A'''^(Af/). The corresponding [/(l)-action on 
A*''^(Af/) is induced by the action on Af/, and the real structure map 

-: Ai-0(Af/)(l) ^ A"^i(Af/) 

is given by - — \/— T(t* o j). (Here j is induced by quaternionic structure, as in 



Lemma |2.2.4|) 



2.3.4. Let Afj be the complementary almost complex structure on the equi- 



variant quaternionic manifold Af . Recall that in 1.2 we have defined for every 
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equivariant quatcrnionic vector space V the standard isomorphism H : Vj ^ Vi. 
This construction can be immediately generahzed to give a complex bundle 
isomorphism 

H : A°'\Mj) ^ A°'\Mi). 

Let P : Ai(M,C) A"'^{Mj) be the natural projection, and let Mult : H 07(c) 
A°'^(M/) —* A°'^(M/) be the action map. By definition the diagram 

Ai(M,C) H0j(c) A°'i(M7) 

Mult 

AO'i(Mj) — ^ AO'i(M/) 

is commutative. Since the map Mult is compatible with the Hodge bundle 

structures, so is the projection P. 

Remark. This may seems paradoxical, since the complex conjugation - on 
A^(M, C) does not preserve KerP = A°'^(Mj). However, under our definition 
of a Hodge bundle the conjugation on A^(M, C) is t* o _ rather than -. Both - 
and L* interchange A^'°{Mj) and A°'i(Mj). 

2.3.5. The standard isomorphism H : A°'^(Mj) A°'^(M7) does not commute 

with the Dolbcault differentials. They arc, however, related by means of the 
Hodge bmidle structure on A"'^(M/). Namely, we have the following. 

Lemma. The Dolheault differential D : A"(M,C) A°^^{Mi) for the almost 
complex structure Mj is weakly Hodge. The U {l)-invariant component Dq in the 
H-type decomposition D = Dq + Dq of the map D coincides with the Dolheault 
differential for the almost complex structure Mj . 

Proof. The differential D is the composition D = P o of the dc Rham differ- 
ential cZm : A°(M, C) A^(M, C) with the canonical projection P. Since both 
P and dM are weakly Hodge, so is D. The rest follows from the construction of 
the standard isomorphism H. □ 



2.4. Holonomic derivations 

2.4.1. Let M be a smooth i7(l)-manifold. In order to give a Hodge-theoretic 
description of the set of all equivariant quaternionic structures on M, it is con- 
venient to work not with various complex structures on M, but with associated 
Dolheault differentials. To do this, recall the following universal property of the 
cotangent bundle A^(M). 

Lemma. Let M be a smooth manifold, and let £ be a complex vector bundle 
on M. Every differential operator d : A''(M, C) £ which is a derivation 
with respect to the algebra structure on A°(M, C) factors uniquely through the 
de Rham differential du '■ A°(M, C) A^(M, C) by means of a bundle map 
P:A^{M, C)^£. 
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2.4.2. We first use this universal property to describe almost complex structures. 
Let AI be a smooth manifold equipped with a complex vector bundle £. 
Definition. A derivation D : A'^(A/, C) £ \s called holonomic if the associ- 
ated bundle map P : A^(M, C) £ induces an isomorphism of the subbundle 
A^(M, R) C A^(A/, C) of real 1-forms with the real vector bundle underlying £. 
By Lemma 2.4.1 the correspondence 



Mr 



identifies the set of all almost complex structures Mj on M with the set of 
all pairs {£, D) of a complex vector bundle £ and a holonomic derivation D : 
A°{M,C)^£. 

2.4.3. Assume now that the smooth manifold M is equipped with smooth action 
of the group f/(l). Then we have the following. 

Lemma. Let £ be a weight 1 Hodge bundle on the smooth U{1) -manifold M , 
and let 

D : A°(M,C) ^ £ 

be a weakly Hodge holonomic derivation. There exists a unique U{\)-equivariant 
quaternionic structure on M such that £ = A*''^(Mj) and D is the Dolbeault 
differential for the complementary almost complex structures Mj on M . 

Proof. Since the derivation M is holonomic, it induces an almost complex struc- 
ture Mj on M. To construct an almost complex structure Mi complementary 
to Mj, consider the 7J-type decom position D = Dq + Dq of the derivation 
D : A°{M,C) £ (defined in |2.1.4D . 

The map Dq is also a derivation. Moreover, it is holonomic. Indeed, by 
dimension count it is enough to prove that the associated bundle map P : 
A^{M,R) £ is injective. Since the bundle A^(M, R) is generated by exact 1- 
forms, it is enough to prove that any real valued function f on M with D^f = 
is constant. However, since D is weakly Hodge, 



Df - Dof + Daf = Dof + D„f = D„f + Dof, 

hence Dof = if and only if Df = 0. Since D is holonomic, / is indeed 
constant. 

The derivation Dq, being holonomic, is the Dolbeault differential for an 
almost complex structure Mj on M. Since Dq is by definition [/(l)-equivariant, 
the almost complex structure Mj is [/(l)-invariant. Moreover, £ = A'^'^{Mi) as 
L'"(l)-equivariant complex vector bundles. By Lemma 2.3.1 the weight 1 Hodge 
bundle structure on £ induces an equivariant quaternionic bundle structure on 
£ and, in turn, a structure of an equivariant quaternionic manifold on M. The 
almost complex structure Mj coincides by definition with the preferred almost 
complex structure. 

It remains to notice that by Lemma 2.3.5 the Dolbeault differential dj for 
the complementary almost complex structure on M indeed equals D = Dq- 
□ 



-Dq. 
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Together with Lemma 2.3.5 



this shows that the set of equivariant quater- 
nionic structures on the f/(l)-manifold M is naturally bijective to the set of 
pairs (£, D) of a weight 1 Hodge bundle 8 on M and a weakly Hodge holonomic 
derivation D : A"(A/,C) £. 



3. Hodge manifolds 
3.1. Integrability 

3.1.1. There exists a notion of integrability for quaternionic manifolds analogous 
to that for the almost complex ones. 

Definition. A quaternionic manifold M is called hypercomplex if for two com- 
plementary algebra embeddings /, J : C ^ H the almost complex structures 
Mj, Mj are integrable. 

In fact, if A'l is hypercomplex, then M/ is integrable for any algebra embed- 
ding / : C ^ H. For a proof see, e.g., Q. 

3.1.2. When a quaternionic manifold M is equipped with a compatible U{1)- 
action, there exist a natural choice for a pair of almost complex structures on 
M, namely, the preferred and the complementary one. 

Definition. An equivariant quaternionic manifold M is called a Hodge manifold 
if both the preferred and the equivariant almost complex structures M/, Mj are 
integrable. 

Hodge manifolds are the main object of study in this paper. 

3.1.3. There exi sts a simple Hodge-theoretic description of Hodge manifolds 
based on Lemma 2.4.3 To give it (see Proposition ^]|), consider an equivariant 



quaternionic manifold M, and let Mj and Mi be the complementary and the 
preferred complex structures on M . The weight 1 Hodge bundle structure on 
A"'^(Mj) induces a weight i Hodge bundle structure on the bundle A'''*(Afj) of 
(0, i)-forms on Mj. The standard identification H : A°'^(Mj) A°'^(M/) given 



2.3.4 extends uniquely to an algebra isomorphism H : hP''^{Mj) A*'^*(M/). 
Let D : A°'{Mj) -> A°''+^{Mj) be the Dolbeault differential for the almost 
complex manifold Mj. 

Lemma. The equivariant quaternionic manifold M is Hodge if and only if the 
following holds. 

(i) Mj is integrable, that is, D o D — 0, and 

(ii) the differential D : A'^'*(Mj) A*''*+^(Mj) is weakly Hodge for every 
i > 0. 

Proof. Assume first that the conditions (i), (ii) hold. Condition (i) means that 
the complementary almost complex structure Mj is integrable. By (ii) the map 
D is weakly Hodge. 

Let D — Dq + Dq be the H-type decomposition. The map Dq is an algebra 



derivation of A°-'{Mi). Moreover, by Lemma |2X5| the map Dq : A°(M,C) 
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A'^'^(Mj) is the Dolbeault differential dj for the preferred almost complex struc- 
ture Ml on M. (Or, more precisely, is identified with di under the standard 
isomorphism H.) But the Dolbeault differential admits at most one extension 
to a derivation of the algebra A^-'{Mj). Therefore Dq = dj everywhere. 

The composition Dq o Dq is the (2, 0)-component in the iJ-type decomposi- 
tion of the map D o D. Since D o D = 0, 

Do o Df) = Bi o Bi = 0. 

Therefore the preferred complex structure M/ is also integrable, and the mani- 
fold M is indeed Hodge. 

Assume now that M is Hodge. The canonical projection P : A^(Af, C) 
A'''^(Mj) extends then to a multiplicative projection 

P : A'(M,C) ^ A°''(Afj) 

from the de Rham complex of the complex manifold Mj to the Dolbeault com- 
plex of the complex manifold Mj. The map P is surjective and weakly Hodge, 
moreover, it commutes with the differentials. Since the de Rham differential 
preserves the p re-Ho dge structur es, so does the Dolbeault differential D. □ 
3.1.4. Lemma 3.1.5 and Lemma ^.4.3 together immediately give the following. 



Proposition 3.1 The category of Hodge manifolds is equivalent to the category 
of triples {M,£,D) of a smooth U{l)-manifold M, a weight 1 Hodge bundle £ 
on M, and a weakly Hodge algebra derivation 

D = D' : A'{£) ^ A'+\£) 

such that D o D — 0, and the first component 

D° : A"(A/,C) ^A°{£)^£ = A\£) 



is holonomic in the sense of 2.4.2 



3.2. The de Rham complex of a Hodge manifold 

3.2.1. Let M be a Hodge manifold. In this subsection we study in some detail 
the de Rham complex A' {M, C) of the manifold M, in order to obtain informa- 



tion necessary for the discussion of metrics on M given in the Subsection 3.3 

The reader is advised to skip this subsection until needed. 

3.2.2. Let A°''(Af,7) be the Dolbeault complex for the complementary complex 



structure Mj on M. By Proposition 3.1 the complex vector bundle A°'*(A'/j) is a 



Hodge bundle of weight i on M, and the Dolbeault differential D : A'^'' (Mj) 
A*'''+^(A'fj) is weakly Hodge. Therefore D admits an iJ-type decomposition 
D = Do + D^. 

3.2.3. Consider the de Rham complex A*(A/, C) of the smooth manifold M. 
Let A*(M, C) = (Bp+qAP''^{Mj) be the Hodge type decomposition for the com- 
plementary complex structure Mj on M, and let v : AP''^{Mj) A1'P{Mj) be 
the usual complex conjugation. Denote also 
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for any map / : A" {M, C) ^ A" (M, C). 

Let dM ■■ A'(M,C) A'+i(M,C) be the de Rham differential, and let 
d-M = -D + D'^ be the Hodge type decomposition for the complementary complex 
structure Mj on M. Since the Dolbeault differential, in turn, equals D = 
Do + Do, we have 

dM = Do + D^+D'^ + D^''. 
3.2.4. Let Bi : A'{M,C) A'+^{M,C) be the Dolbeault differential f or the 



preferred complex structure M/ on M. As shown in the proof of Lemma 3.1.3 , 
the (0, l)-component of the differential di with respect to the complex structure 
Mj equals Dq. Therefore the (1, 0)-component of the complex-conjugate map 
di = Bj equals Dq. Since dM = Bj + dj, we have 

Bi = Do + D^" 
di = D^ + D^ 



3.2.5. The standard isomorphism : A°^^{Mj) A"'i(Af/) introduced in |3.1.3 
extends uniquely to a bigraded algebra isomorphism H : A'''(Mj) A''' {Mj). 
By definition of the map H, on A°(M, C) we have 

Bi = H o Dqo H-^ 
(3.1) di =HoD^oH-^ 

dM =di + Bi = Ho{Do + D^)H-\ 

The right hand side of the last identity is the algebra derivation of the de Rham 



complex A'(M, C). Therefore, by Lemma |2Al| it holds not only on A°{M,C), 
but on the whole A'(M, C). The Hodge type decomposition for the preferred 
complex structure Mj then shows that the first two identities also hold on the 
whole de Rham complex A'(M, C). 

3.2.6. Let now ^ = ■ A°'i(A/j) A'^'°{Mj) be the operator corre- 

sponding to the preferred almost complex structure Mi on M. Let also ^ = 
on A°(Af,C) and A^^°{Mj), and extend a derivation ^ : A'''(A'/j) 

A*^^'*+^(Afj) by the Leibnitz rule. We finish this subsection with the following 
simple fact. 

Lemma. On A''°(Af.7) C A'(Af,C) we have 

^oDo + Doo^ = Do 
(oDo + Doo^=-D^. 

Proof. It is easy to check that both identities hold on A*'(Af, C). But both sides 
of these identities are algebra derivations of A'''^{Mj), and the right hand sides 
are holonomic in the sense of p. 4. 2 . Therefore by Lemma |2.4.1 both identities 



hold on the whole A'^O(Afj). □ 
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3.3. Polarized Hodge manifolds 

3.3.1. Let M be a quaternionic manifold. A Riemannian metric /i on M is 
called Quaternionic-Hermitian if for every point m € M the induces metric hm 



on the tangent bundle T^M is Quaternionic-Hermitian in the sense of 1.5.1. 
Definition. A hyperkdhler manifold is a hypercomplex manifold M equipped 
with a Quaternionic-Hermitian metric h which is Kahler for both integrable 
almost complex structures Mj, Mj on M. 

Remark. In the usual definition (see, e.g., [^) the integrability of the almost 
complex structures Mj, Mj is omitted, since it is automatically implied by the 
Kahler condition. 

3.3.2. Let M be a Hodge manifold equipped with a Riemannian metric h. 
The metric h is called Hermitian-Hodge if it is Quaternionic-Hermitian and, in 
addition, invariant under the [/(l)-action on Af . 

Definition. Say that the manifold M is polarized by the Hermitian-Hodge met- 
ric /i if /i is not only Quaternionic-Hermitian, but also hyperkahler. 



3.3.3. Let M be a Hodge manifold. By Proposition 3.1 the holomorphic cotan- 
gent bundle A^'°(Mj) for the complementary complex structure Mj on M is a 
Hodge bundle of weight 1. The holomorphic tangent bundle 8(Mj) is therefore 



a Hodge bundle of weight By 1.5.4 the set of all Hermitian-Hodge metrics 



h on M is in natural one-to-one correspondence with the set of all polarizations 
on the Hodge bundle 9(Mj). 

Since 0{M) is of odd weight, its polarizations are skew-symmetric as bi- 
linear forms and correspond therefore to smooth (2, 0)-forms on the complex 
manifold Mj. A (2, 0)-form ^l defines a polarization on Q{Mj) if and only if 
fl e C°°(M, A2'0(Mj)) considered as a map 

n : R(-l) ^ A^'°{Mj) 

is a map of weight 2 Hodge bundles, and for an arbitrary smooth section x € 
C°°{M,e{Mj)) we have 



(3.3) n{x,i*ix))>0- 

3.3.4. Assume that the Hodge manifold M is equipped with an Hermitian- 
Hodge metric h. Let S C°°(M, A^'''(Mj)) be the corresponding polarization, 
and let w/ G C°°{M,A^''^{Mi)) be the (1, l)-form on the complex manifold Mj 
associated to the Hermitian metric h. Either one of the forms fl, uj] completely 



defines the metric h, and by (1.4) we have 

SI -I- = ujj, 

where : A' (M, C) A' (M, C) is the complex conjugation. 

Lemma. The Hermitian-Hodge metric h polarizes M if and only if the corre- 
sponding (2,0)-/orm D, on Mj is holomorphic, that is, 

DVl = 0, 



where D is the Dolbeault differential for complementary complex structure Mj . 
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Proof. Let ujj,ujj €E A^(M, C) be the Kahler forms for the metric h and complex 
structures Mj, Mj on M. The metric h is hyperkahler, hence polarizes M, if 
and only if cLm^i — dM^j = 0. 

Let D = Do + -Do be the i?-type decomposition and let R : k'-' (JXlj) 
A"''(Mj) be the standard algebra identification introduced in 3. 2.5 . By defini- 
tion H(uji) = ujj. Moreover, by (3.f ) o du o H = Dq + Dq , hence 

H{dMi^j) = DqLlii + Dq^uji, 

and the metric h is hyperkahler if and only if 

(3.4) dMi^i = {Do + D^")u;i = 

But 2ujj = ft + i/(ri). Since is of Hodge type (2,0) with respect to the 
complementary complex structure Mj, (3.4) is equivalent to 



Dofi = Don = Do'^n = D!^n = o. 



Moreover, let ^ be as in Lemma 3.2.6 . Then ^(il) = 0, and by (3.2) Dafl = 
Dofl = implies that Dgft — DqH = as well. It remains to notice that since 
the metric h is Hermitian-Hodge, fl is of iJ-type (1, 1) as a section of the weight 
2 Hodge bundle A'^'°{Mj). Therefore = implies = Da^l = 0, and 

this proves the lemma. □ 
Remark. This statement is wrong for general hyperkahler manifolds (every- 
thing in the given proof carries over, except for the implication DQ = ^ 
Dofl = Doft — Do n = Dq^I = 0, which depends substantially on the U{1)- 
action). To describe general hyperkahler metrics in holomorphic terms, one has 
to introduce the so-called twistor spaces (see, e.g., HKLR]). 



4. Regular Hodge manifolds 
4.1. Regular stable points 

4.1.1. Let M be a smooth manifold equipped with a smooth l7(l)-action with 
differential (thus ipM is a smooth vector field on M). Since the group U{1) 
is compact, the subset Af'^^^^ C M of points fixed under U{1) is a smooth 
submanifold. 

Let m £ M^(^) C M be a point fixed under U{1). Consider the representa- 
tion of U{1) on the tangent space Tm to M at m. Call the fixed point m regular 
if every irreducible subrepresentation of Tm is either trivial or isomorphic to the 
representation on C given by embedding U{1) C C*. (Here C is considered as a 
2-dimensional real vector space.) Regular fixed points form a union of connected 
component of the smooth submanifold M^^^^ C M. 

4.1.2. Assume that M is equipped with a complex structure preserved by the 
J7(l)-action. Call a point m € M stable if for any t e M, t > there exists 
exp(V— li'y3M)'T^, and the limit 

mo&M,mo= lim exp(V~li<PA'/)^ 

t — *-t-oo 

also exists. 
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4.1.3. For every stable point m M the limit tuq is obviously fixed under U{1). 
Call a point m e M regular stable if it is stable and the limit mo G IS a 
regular fixed point. 

Denote by M''^^ c M the subset of all regular stable points. The subset 
M^'^a is open in M. 

Example. Let F be a complex manifold with a holomorphic bundle £ and let 

E be the total space of £. Let C* act on M by dilatation along the fibers. Then 
every point e G -E is regular stable. 

4.1.4. Let M be a Hodge manifold. Recall that the ?7(l)-action on M preserves 

the preferred complex structure M/. 

Definition. A Hodge manifold M is called regular if M^'^^ = Mj. 

4.2. Linecirization of regular Hodge manifolds 

4.2.1. Consider a regular Hodge manifold M. Let A C C be the unit disk 
equipped with the multiplicative semigroup structure. The group U{1) C A is 
embedded into A as the boundary circle. 

Lemma. The action a : U{1) x M M extends uniquely to a holomorphic 
action a : A x Mj — > Mj. Moreover, for every a; e A \ {0} the action map 
a{x) : Mj — > Mj is an open embedding. 

Proof. Since M is regular, the exponential flow cxp(itipM) of the differential ipM 
of the action is defined for all positive t & M.. Therefore a : U{1) x M ^ M 
extends uniquely to a holomorphic action 

a : A* X M/ ^ Mj, 

where A* = A\{0} is the punctured disk. Moreover, the exponential flow 
converges as t ^ +oo, therefore a extends to A x Mj continuously. Since this 
extension is holomorphic on a dense open subset, it is holomorphic everywhere. 
This proves the first claim. _ 

To prove the second claim, consider the subset A c A* of points x G A such 
that a{x) is injective and etale. The subset A is closed under multiplication and 
contains the unit circle U{1) C A*. Therefore to prove that A = A*, it suffices 
to prove that A contains the interval ]0, 1] C A*. 

By definition we have a{h) = exp(— \/^log/i<^M) for every h e]0, 1] C A*. 
Thus we have to prove that if for some t GM.,t>0 and for two points mi , m2 € 
M we have 

exp{\/^t(pM){mi) = ex.p{\/^tipM){m2), 
then mi = m2. Let mi, m2 be such two points and let 

t = inf{t GR,t> 0, exp(-\/^t(^M)(mi) = exp{\/^tipM){m2)}. 

If the point mo = exp(-\/— lt'^M)(mi) = exp(-\/— li<^M)(m2) G M is not C/(l)- 
invariant, then it is a regular point for the vector field \/^<^m, and by the 
theory of ordinary differential equations we have t = and mi = m2 = mo. 
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Assume therefore that mo G M'^'-^^ is J7(l)-invariant. Since the group C/(l) 
is compact, the vector field y/^ipu has only a simple zero at mo C M^(^) C M. 
Therefore mo = ex.p{\/^t(fM)mi implies that the point mi G M also is U{1)- 
invariant, and the same is true for the point m2 G M. But a(expt) acts by 
identity on TVf ^(1) c M. Therefore in this case we also have mi = m2 = mo- □ 
4.2.2. Let V = M^^^^ C Mj be the submanifold of fixed points of the C/(l) 
action. Since the action preserves the complex structure on M/, the submanifold 
V is complex. 

Lemma. There exists a unique U{1) -invariant holomorphic map 
such that pm\v = id. 

Proof. For every point m G M we must have pM{m) = lim exp(ii(^M), which 
proves uniqueness. 

To prove that pM thus defined is indeed holomorphic, notice that the diagram 

Mi 1 A X M 



V 



Mr 



is commutative. Since the action a : A x M/ Mj is holomorphic, so is the 
map Pm- n 

4.2.3. Call the canonical map pM '■ Mj Afj^^^' the canonical projection of 
the regular Hodge manifold M onto the submanifold V C M of fixed points. 

Lemma. The canonical projection pM '■ M AI^^^^ is submersive, that is, for 



every point m G Af the differential dpM '■ TmM 
at m is surjective. 



Tpirn)^^''''^ of the map pm 



Proof. Since Pm\m"'.'^) = 'd, the differential dpM is surjective at points m gV C 
M . Therefore it is surjective on an open neighborhood U Z) V oiV ui M . For 
any point m £ M there exists a point a; G A such that x-rn G U. Since pM is 
A-invariant, this implies that dpM is surjective everywhere on M. □ 
4.2.4. Let &{M/V) be the relative tangent bundle of the holomorphic map 
p : M ^ V. Let &{M) and e{V) be the tangent bundles of M and V and 
consider the canonical exact sequence of complex bundles 







@{M/V) e(M) ^ p*&{V) 



0, 



where dpM is the differential of the projection pM : M V. 

The quaternionic structure on M defines a C-linear map j : Q{M) Q{M). 
Restricting to <d{M/V) and composing with dpM, we obtain a C-linear map 
j : Q{M/V) ^ p*e{V). 
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4.2.5. Let TV be the total space of the bundle Q{V) complex-conjugate to the 
tangent bundle 0(F), and let p : TV — > V be the projection. Let the group 
U{1) act on TV by dilatation along the fibers of the projection p. 

Since the canonical projection pM : M —t V is f/(l)-invariant, the differential 
<Pm of the ?7(l)-action defines a section 

e C^{M,Q{V/M)). 

The section 3{lpm) e C°° {M, pljOiV)) defines a map Uhm : M TV such 
that LiuA/op = pj^.f : M — )■ V. Call the map LIum the linearization of the 
regular Hodge manifold M. 

Proposition 4.1 The linearization map LIua/ is a U{l)-equivariant open em- 
bedding. 

Proof. The map j : Q{M/V) p*Q{V) is of degree 1 with respect to the U{1)- 
action, while the section ipM G C°°{M,Q{M/V)) is [/(l)-invariant. Therefore 
the map Linj\/ is [/(l)-equivariant. 

Consider the differential dLiuM : r™(M) TmiTV) at a point meV cM. 
We have 

dUriM - dpM © dpM o j : T„(M) ^ r™(l^) T^{V) 

with respect to the decomposition T,n{TV) — T„i{V)(BT{V). The tangent space 
Tm is a regular quaternionic vector space. Therefore the map dLinM is bijective 
at m by Lemma |l.l.7] . Since LiuA/ is bijective on V, this implies that Linjvf is an 
open embedding on an open neighborhood U C M of the submanifold V C M. 

To finish the proof of proposition, it suffices prove that the linearization map 
LiuM : Ml TV is injective and etale on the whole Mj. To prove injectivity, 
consider arbitrary two points mi,m2 € Mj such that LinM(™i) = LinM(TO2). 
There exists a point x E A \ {0} such that x^nii, x-m2 G U. The map LiuM is 
i7(l)-equivariant and holomorphic, therefore it is A-equi variant, and we have 

LinA/(a;'mi) X' hinMi'mi) ~ x- LinM(™2) = LinM(a;*m2). 

Since the map LiuAf : U TV is injective, this implies that x-mi = X'm2. 



By Lemma 4.2.1 the action map x : Mj Mj is injective. Therefore this is 



possible only if mi = m2, which proves injectivity. 

To prove that the linearization map is etale, note that by Lemma 4.2.1 the 
action map x : Mj — > Mj is not only injective, but also etale. Since LiuA/ is 
etale on U, so is the composition LIum ox : Mj — > J7 — > TV is etale. Since 
Lin A/ ox = x o Lin A/, the map LiuAf : Mj —f TV is etale at the point mi € Mj. 

Thus the linearization map is also injective and etale on the whole of M/. 
Hence it is indeed an open embedding, which proves the propostion. □ 



4.3. Linear Hodge manifold structures 
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4.3.1. By Proposition 4.1 every regular Hodge manifold M admits a canonical 
open embedding Lin^f : M TV into the total space TV of the (complex- 
conjugate) tangent bundle to its fixed points submanifold V C M . This embed- 
ding induces a Hodge manifold structure on a neighborhood of the zero section 
V dTV. 

In order to use the linearization construction, we will need a characterization 
of aU Ho dge m anifold structures on neighborhoods of C TV obtained in this 



way (see |4.3.5|) . It is convenient to begin with an invariant characterization of 



the linearization map LiuM : M — > TV . 

4.3.2. Let V be an arbitrary complex manifold, let TV be the total space of 
the complex-conjugate to the tangent bundle Q[V) to V, and let p : TV —f V 
be the canonical projection. Contraction with the tautological section of the 
bundle p*Q{V) defines for every p a bundle map 

T : p*KP+\VX) p*AP(F,C), 

which we call the tautological map. In particular, the induced map 

T : C°°(t/,A"'\y)) C°°(TF,C) 

identifies the space C°°(y, A°'^(y)) of smooth (0, l)-forms on V with the sub- 
space in C°°(rF, C) of function linear along the fibers of the projection TV 
V. 

4.3.3. Let now M be a Hodge manifold. Let V C Mi be the complex subman- 
ifold of L/(l)-fixed points, and let pM : M V be the canonical projection. 
Assume that AI is equipped with a smooth C/(l)-equivariant map / : — > TV 
such that pm = P ° f- Let dj be the Dolbeault differential for the preferred 
complex structure Mj on M, and let (p S &{M/V) be the differential of the 
;7(l)-action on M. Let also j : A°^i(M/) A^'°{Mi) be the map induced by 
the quaternionic structure on M. 

Lemma. The map f : M TV coincides with the linearization map if and 
only if for every (0, l)-form a G C°°(V,A'^'^{V)) we have 

(4.1) f*r{a)^{^,j{plja)). 
Moreover, if f — LIum, then we have 

(4.2) /V(/3) = (^,j(r/3)> 
for every smooth section (3 g C^iTV , p* K^{VX))- 

Proof. Since functions on TV linear along the fibers separate points, the corre- 
spondence 

/* o T : C°°(T/, A°^i(T/)) ^ C°°(Af,C) 

characterizes the map / uniquely, which proves the "only if" part of the first 
claim. Since by assumption pM ^ P ° f, the equality (|4.l|) is a particular case 
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of (^^) with /? — p*a. Therefore the "if" part of the first claim follows from 
the second claim, which is a rewriting of the definition of the linearization map 



Lin A/ : M TV (see gX5|). _ □ 
4.3.4. Let now Lin^f : M TV be the linearization map for the regular Hodge 
manifold M. Denote by J7 C TV the image of LinM- The subset U C TV is 
open and J7(l)-invariant. In addition, the isomorphism LiuM : M ^ U induces 
a regular Hodge manifold structure on U. 

Don ote by Linj/ the linearization map for the regular Hodge manifold U. 
Lemma 4.3.3 implies the following. 



Corollary. We have LIum o Lin^/ = LiuAf, thus the linearization map hinij : 
U — !■ TV coincides with the given embedding U ^ TV . 



Proof. Let a G C°°{V,A^'\V) be a (0, l)-form on V. By Lemma g3j we have 
Lin^ r(a) = {ipu,jij{p'^a)), and it suffices to prove that 

LinA/(Lin;j (T(a))) = (^m, jA/(PMa))- 

By definition we have pM — Pu ° Linjv/- Moreover, the map LiuAf is U{1)- 
equivariant, therefore it sends ipM to ipij. Finally, by definition it commutes 
with the quaternionic structure map j. Therefore 

Unlj{Unlj{T{a))) Unlj{{ipu,ju{p*u(^})) = i'^MjAiiplia)), 

which proves the corollary. □ 
4.3.5. Definition. Let U C TV be an open [/(l)-invariant neighborhood of 
the zero section V C TV. A Hodge manifold structure on TV is called linear 
if the associated linearization map Lin^/ : U — > TV coincides with the given 
embedding U ^ TV. 



By Corollary 4.3.4 every Hodge manifold structure on a subset U C TV 
obtained by the linearization construction is linear. 

4.3.6. We finish this section with the following simple observation, which we 
will need in the next section. 



Lemma. Keep the notations of Lemma 4.3.3| . Moreover, assume given a sub 



space A C C°° {TV , p* {V^C)) such that the image of A under the restriction 
map 

Res : C°°(TF,p*A\y,C)) -> C°°(y, A^(F, C)) 



onto the zero section V (ZTV is the whole space C°° {V, k^{V,C))- If '^3 holds 
for every section (3 ^ A, then it holds for every smooh section 

/3e C°°(TF,p*Ai(F,C)). 

Proof. By assumptions sections (3 ^ A generate the restriction of the bundle 
p*A^(V,C) onto the zero section V C TV. Therefore there exists an open 
neighborhood t/ C of the zero section V ClTV such that the C°°(C/,C)- 
submodule 

C°°{U,C)-A^C°°{U,p*K^{V,C)) 
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is dense in the space C°°{U, p*A^{V,C)) of smooth sections of the pull-back 
bundle p*A^{V,C). Since ( |4.2| ) is continuous and Hnear with respect to multi- 
pHcation by smooth functions, it holds for all sections /? € C°°{U, p*A^{V,C)). 
Since it is also compatible with the natural unit disc action on M and TV, it 
holds for all sections /3 € C°°{TV, p*A^{V, C)) as well. □ 



5. Tangent bundles as Hodge manifolds 
5.1. Hodge connections 

5.1.1. The linearization construction reduces the study of arbitrary regular 
Hodge manifolds to the study of linear Hodge manifold structures on a neigh- 
borhood U C TV of the zero section V C TV of the total space of the complex 
conjugate to the tangent bundle of a complex manifold V. In this section we use 



the theory of Hodge bundles developed in Subsection 2.1 in order to describe 



Hodge manifold structures on U in terms of connections on the locally trivial 



fibration U V of a certain type, which w e ca ll Hodge connections (see 5.1.7) 



It is this description, given in Proposition 5A_, which we will use in the latter 
part of the paper to classify all such Hodge manifold structures. 
5.1.2. We begin with some preliminary facts about connections on locally trivial 
fibrations. Let f : X ^ Y he an arbitrary smooth map of smooth manifolds 
X and Y. Assume that the map / is submersive, that is, the codifferential 
6f : f*A^{Y) — > A^{X) is an injective bundle map. Recall that a connection on 
/ is by definition a splitting O : A^{X) f*A^{Y) of the canonical embedding 

Let dx be the de Rham differential on the smooth manifold X. Every 
connection Q on f : X Y defines an algebra derivation 

D^eodx: A"{X) ^ f*A\Y), 

satisfying 

(5.1) Dp*h = p*dYh 

for every smooth function h G C°° {Y, M) . Vice versa, by the universal property 
of the cotangent bundle (Lemma ^.4.1 ) every algebra derivation D : A^{X) — s- 



A^(Y) satisfying ( |5.l| ) comes from a unique connection Q on f. 
5.1.3. Recall also that a connection Q is called flat if the associated derivation 
D extends to an algebra derivation 

D : f*A'{Y) ^ f*A'+\Y) 

so that Do D ^0. The sphtting 6 : A^{X) f*A^{Y) extends in this case to 
an algebra map 

e : A'{X) f*A'{Y) 
compatible with the de Rham differential dx '■ A' {X) A'^^{X). 
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5.1.4. We will need a slight generalization of the notion of connection. 
Definition. Let f : X ^ Y he a smooth submersive morphism of complex man- 
ifolds. A C-valued connection 9 on / is a splitting 9 : A'^iY, C) ~* f*A^{X, C) of 
the codifferential map Sf : /*A^(F, C) A^{X,C) of complex vector bundles. 
A C-valued connection 9 is called flat if the associated algebra derivation 

D = Qodx ■■ A°(A, C) ^ f*A^{Y, C) 

extends to an algebra derivation 

D : /*A'(y,C) ^ f*A'+\Y,C) 

satisfying DoD — 0. 



As in |5.1.2| , every derivation D : A"{X,C) f*A^{Y,C) satisfying ( M) 
comes from a unique C-valued connection Q on f : X Y. 
Remark. By definition for every flat connection on f : X ^ Y the subbundle 
of horizontal vectors in the the tangent bundle Q{X) is an involutive distribu- 
tion. By Frobcnius Theorem this implies that the connection defines locally a 
trivialization of the fibration /. 

This is no longer true for flat C-valued connections: the subbundle of hor- 
izontal vectors in 9 (A") ® C is only defined over C, and the Frobcnius The- 
orem does not apply. 9ne can try to correct this by replacing the splitting 
9 : Ai(A,C) ^ /*Ai(r,C) with its real part Re 9 : A^{X) -> A^{Y), but this 
real part is, in general, no longer flat. 

5.1.5. For every C-valued connection 9 : A^(A, C) f*A^{Y, C) on a fibration 
f : X Y the kernel Ker9 C A^(A, C) is canonically isomorphic to the 
quotient Ai(X, C)/(5/(/*Ai(y, C)), and the composition 

R = eodx ■■ A\X, C)/Sf{f*A\Y, C) = Ker 9 ^ f*A'^{Y, C) 

is in fact a bundle map. This map is called the curvature of the C-valued 
connection 9. The connection 9 is fiat if and only if its curvature R vanishes. 

5.1.6. Let now M be a complex manifold, and let U C TM be an open neigh- 
borhood of the zero section M C TM in the total space TM of the complex- 
conjugate to the tangent bundle to M. Let p : U ^ M he the natural projection. 
Assume that U is invariant with respect to the natural action of the unit disc 
A C C on TM. 



5.1.7. Since M is complex, by 2.1.7 the bundle A^(A/, C) is equipped with a 
Hodge bundle structure of weight 1. The puUback bundle p*A^{AI,C) is then 
also equipped with a weight 1 Hodge bundle structure. 

Our description of the Hodge manifold structures on the subset U £ TM is 
based on the following notion. 

Definition. A Hodge connection on the pair {M, U) is a C-valued connection 
on p -.U ^ M such that the associated derivation 

£> : A°([/,C) ^ p*A^{M, C) 
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is weakly Hodge in the sense of [2.1.3 , A Hodge connection is called flat if it 



extends to a weakly Hodge derivation 

D : p*A'{M,C) P*A'+HM,C) 

satisfying D o D — 0. 

5.1.8. Assume given a flat Hodge connection D : A°{U,C) p*A''-{M,C) on 
the pair ([/, M), a nd assume in addition that the derivation D is holono mic in 



the sense of |2.4.2| . Then the pair {D , p* A^ {M , C)) defines by Proposition |3J 
Hodge manifold structure on U. 

It turns out that every Hodge manifold structure on U can be obtained in 
this way. Namely, we have the following. 

Proposition 5.1 There correspondence D (p*A^(M, C), 13) is a bijection 
between the set of all flat Hodge connections D on the p air {U , M) such that 



D : A'^(C/, C) — > p*A^(A/, C) is holonomic in the sense o/ 2.4.2, and the set of 
all Hodge manifold structures on the U {1) -manifold U such that the projection 
p : Ui M is holomorphic for the preferred complex structure Ui on U . 

5.1.9. The crucial part of the proof of Proposition is the following observa- 
tion. 

Lemma. Assume given a Hodge manifold structure on the U (1) -manifold U C 
TM. Let bp : p*A^{M,C) A^{U,C) be the codifferential of the projection 
p : U ^ M, and let P : A^{U,'C) — s- A^'^{Uj) be the canonical projection. The 
bundle mao given by the composition 

PoSp:p*A\M,C)^A°^\Uj) 

is an isomorphism of complex vector bundles. 

Proof. Since the bundles p*A^{M,C) and A'^-^{Uj) are of the same rank, and 
the maps dp : p*A-^{M,C) A^(t/, C) and P o Sp are equivariant with respect 
to the action of the unit disc on U, it suffices to prove the claim on M C U. 
Let m g M be an arbitrary point, and let V = T*^TM be the cotangent bundle 
at m to the Hodge manifold U C TM. Let also V'^ C V he the subspace of 
/7(l)-invariant vectors in V. 

The space V is an equivariant quaternionic vector space. Moreover, the 
fibers of the bundles p*A-^{M,C) and A'^'-^{Uj) at the point m are complex 
vector spaces, and we have canonical identifications 

p*A\M,C)U9iV°®V^, 
A°'i(C/j)|„-K7. 

Under these identifications the map P o 5p at the point m coincides with the 
action map Vj ® Vj, which is invertible by Lemma |l.l.7| . □ 



5.1.10. By Proposition B.l every Hodge manifold structure on U is given by a 



pair {E,D) of a Hodge bundle £ on C/ of weight 1 and a holonomic derivation 
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D : A°{U, C) £. Lemma 5.1.9 gives an isomorphism £ = p*K^{M, C), so that 
D becomes a fiat C- valued connection on U over M . To prove Proposition ^.1| 
it suffices now to prove the following. 

Lemma. The complex vector bundle isomorphism 

PoSp-. p*A\M,C) A°^\Uj) 

associated to a Hodge manifold structure on U is compatible with the Hodge 
bundle structures if and only if the projection p : Uj ^ M is holomorphic for 
the preferred complex structure Uj on U. 

Proof. The preferred comp lex st ructure Uj induces a Hodge bundle structure 
of weight 1 on A^{U, C) by ^.1.7| , and the canonical projectio n P : A^{U, ( 



A'^'^{Uj) is compatible with the Hodge bundle structures by 2.3.4 . If the pro- 
jection p : Ui ^ M is holomorphic, then the codiffcrential Sp : p*A^{M,C) 
A\U,C) sends the subbundles p*A^^°{M),p*A°^^{M) C p*A^{M,C) into, re- 
spectively, the subbundles Ai'°(t//), A°'i(C//) C A'^{U,C). Therefore the map 
6p : p*A^(M, C) A^([/, C) is compatible with the Hodge bundle structures, 
which implies the "if" part of the lemma. 

To prove the "only if" part, assume that P o 5p is a. Hodge bundle isomor- 
phism. Since the complex conjugation v : A'^'^(Ui) — > A^''^{U,j) is compatible 
with the Hodge bundle structures, the projection P : A^{U, C) A^-'^{Uj) and 
the composition P o Sp : p*A^{M,C) — > A^'°{Uj) are also compatible with the 
Hodge bundle structures. Therefore the map 

POP: A\U, C) ^ A^-"{Uj) e A"^i(f/j) 

is a Hodge bundle isomorphism, and the composition 

6po{P®P): p*A\M,C) A\U,C) 

is a Hodge bundle map. Therefore the codiffcrential 6p : p*A^{M, C) — > A^{U, C) 
is compatible with the Hodge bundle structures. This means precisely that the 
projection p : Ui ^ M is holomorphic, which finishes the proof of the lemma 



and of Proposition 5.1. □ 



5.2. The relative de Rham complex of U over M 



5.2.1. Keep the notation of the last subsection. To use Proposition 5.1 in the 
study of Hodge manifold structures on the open subset U C TM, we will need a 
way to check whether a given Hodge connection on the pair ([/, M) is holonomic 



in the sense of 2.4.2. We will also need to rewrite the linearity condition 4.3.5 for 
a Hodge manifold structure on U in terms of the associated Hodge connection 
D. To do this, we will use the so-called relative de Rham complex of U over 
M. For the convenience of the reader, and to fix notation, we recall here its 
definition and main properties. 
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5.2.2. Since the projection p -.U — > M is submersive, the codifferential 

is injective. The relative cotangent bundle A^{U/M,C) is by definition the 
quotient bundle 

A\U/M,C) = AHU,C)/Sp{p*A\M,C))- 

Let TT : A^{U,C) A^{U/M,C) be the natural projection. We have by defini- 
tion the short exact sequence 

(5.2) 

> p*A\M,C) A\U,C) A\U/M,C) ' 

of complex vector bundles on U. 

5.2.3. The composition = tt o du of the de Rham differential du with the 
projection tt is an algebra derivation 

d'' : A°(f/,C) ^ Ai(f//M,C), 

called the relative de Rham differential. It is a first order differential operator, 
and d''/ = if and only if the smooth function /:[/—>€ factors through the 
projection p : U ^ M. 

Let A'{U/M,€.) be the exterior algebra of the bundle A^{U/M,C)- The 
projection tt extends to an algebra map 

tt: A'(C/,C)^A'(J7/M,C). 

The differential d^ extends to an algebra derivation 

d"" : A'{U/M,C) A'+\U/M,C) 

satisfying d^ o d^ = 0, and we have n o du = d^ o n. The differential graded 
algebra {A'{U/M, C), d"^) is called the relative de Rham. complex of U over M. 

5.2.4. Since the relative de Rham differential d^ is linear with respect to mul- 
tiplication by functions of the form p*f with / e C°°(M, C), it extends canon- 
ically to an operator 

d"^ : p*A\M, C) (E) A' (U/M, C) p*A\M, C) ® A'+\U/M, C). 

The two-step filtration p*A^{M,C) C A^([/, C) induces a filtration on the de 
Rham complex A* (U, C), and the i-th associated graded quotient of this filtra- 
tion is isomorphic to the complex (/3*A*(M, C) ® A' [U /M,C),d'~). 

5.2.5. Since U C TM lies in the total space of the complex-conjugate to the 
tangent bundle to M, we have a canonical algebra isomorphism 



can : p*A-(M,C) ^ A'{U/M,C). 
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Let T : C°°(M, Ai(M,C)) C°°(f/,C) be the tautolog ical m ap sending a 1- 
form to the corresponding linear function on TM, as in 4.3.2. Then for every 
smooth 1-form a G C°°(M, A'^{M, C)) we have 

(5.3) can(/7*a) ^ dWia). 

5.2.6. The complex vector bundle A^(L//Af, C) has a natural real structure, 
and it is naturally C/(l)-equivariant. Moreover, the decomposition A^(A/, C) = 
A^'°(M) ® A°'^(A/) induces a decomposition 

A\U/M, C) = can(Ai^"(Af)) can(A"^i(Af)). 



This allows to define, as in 2.1.7 , a canonical Hodge bundle structure of weight 
1 on A^{U/M,C). It gives rise to a Hodge bundle structure on A*(t//M,C) of 
wieght i, and the relative de Rham differential d'' : A' {U/M, C) A'+'^{U/M, C) 
is weakly Hodge. 

5.2.7. The canonical isomorphism can : p*A^{M, C) A^{U/M, C) is not com- 
patible with the Hodge bundle structures. The reason for thi s is th at the real 
structure on the Hodge bundles A'([//Af, C) is, by definition |2.1.7| , twisted by 
L*, where l : TM -> TM is the action of -1 e U{1) C C. Therefore, while 
can is J7(l)-equivariant, it is not real. To correct this, introduce an involution 
C: Ai(M,C) ^ Ai(A/,C) by 



(5.4) C = 



and set 



on A^'°{M) C A\M,C) 
on A°'\M) C A^{M,C) 



(5.5) r/ = can o p*C : p*A^{M,C) ^ p*A^{M,C) ~* A\U/M,C) 

Unlike can, the map rj preserves the Hodge bundle structures. 

It will also be convenient to twist the tautological map r : p*A^{M,C) 
A°(U, C) by the involution (. Namely, define a map a : p*A^{M, C) A°{U, C) 

by 

(5.6) (T = T o p*( : p*A^M, C) ^ p*A^M,C) A° {U/M, C) 

By ( |5.3|) the twisted tautological map a and the canonical map r/ satisfy 

(5.7) ?7(p*a) = dV(a) 
for every smooth 1-form a € C°°{M, A^{M, C)). 

5.2.8. Let (f € 0(C/) be the differential of the canonical ?7(l)-action on [/ C 
TM . The vector field ip is real and tangent to the fibers of the projection 
p : U M. Therefore the contraction with ip defines an algebra derivation 

A"+i([//A/,C) ^ A'{U/M,C) 

a {(p, a) 

The following lemma gives a relation between this derivation, the canonical 
weakly Hodge map 77 : p*A'^{M,C) A'^{U/M,C) given by (fj), and the 
tautological map r : p*A^{M,C) ^ A°(C/,C). 
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Lemma. For every smooth section a G C°° (U, p* A^{M,'C)) we have 

y^r(a) = (^,r;(a)) €C°°(C/,C). 

Proof. Since the equality that we are to prove is hnear with respect to mul- 
tiplication by smooth functions on [/, we may assume that the section a is 
the pull-back of a smooth 1-form a e C°°(M, Ai(M, C)). The Lie derivative 
: A* [U, C) A" ([/, C) with respect to the vector field is compatible with 
the projection tt : A'(C/, C) A'{U/M,C) and defines therefore an algebra 
derivation : A'{U/M,C) A'(C//M,C). The Cartan homotopy formula 
gives 

(5.8) /:^r(a) = ((^,d'r(a)). 

The function T{a) on TM is by definition M-linear along the fibers of the pro- 
jection p : TM M. The subspace t{C°° {M, A\M,C))) C C°°(C/,C) of such 
functions decomposes as 

T(C°°(Af,Ai(Af,C))) ^t{C°^{M,A^'°{M)))®t{C°°{M,A°'\M,C))), 

and the group U{1) acts on the components with weight 1 and —1. Therefore 
the derivative dp of the C/(l)-action acts on the components by multiplication 
with v'— 1 and — \/— 1. By definition of the involution ( (see (5.4)) this can be 
written as 

(5.9) £^T{a) = V^TiCiaj). 



On the other hand, by (5.3) and the definition of the map rj we have 
(5.10) ^^(a) ^ can(a) = 7y(C(a)). 

Substituting (U) and ( ^.lO]) into (Uj) gives 

V^T(C(a)) = (^,,7(C(a)), 
which is equivalent to the claim of the lemma. □ 

5.3. Holonomic Hodge connections 

5.3.1. We will now describe a convenient way to check whet her a given Hodge 
connection D on the pair ([/, M) is holonomic in the sense of |Z|. To do this, 
we proceed as follows. 

Consider the restriction A^([/, C)|m of the bundle A^([/, C) to the zero sec- 
tion M CU C TM, and let 

Res : A\U,C)\m -> A^{M,C) 



be the restriction map. The kernel of the map Res coincides with the conormal 
bundle to the zero section M C U, which we denote by S^{M, C). The map Res 
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splits the restriction of exact sequence ( |5.2D onto the zero section M C J7, and 
we have the direct sum decomposition 

(5.11) K^[U,<C)\m^S^{M,<C)®K\MX)- 

5.3.2. The J7(l)-action on t/ C TM leaves the zero section M C U invariant 
and defines therefore a J7(l)-action on the conormal bundle S^{M, C). Together 
with the usual real structure twisted by the action of the map l : TM TM, 
this defines a Hodge bundle structure of weight on the bundle (M, C) . 

Note that the automorphism t : TM TM acts as —id on the Hodge 
bundle S^{M,C), so that the real structure on S'^{M,C) is minus the usual 
one. Moreover, as a complex vector bundle the conormal bundle S^{M,C) to 
M C TM is canonically isomorphic to the cotangent bundle A-'^ (M, C) . The 
Hodge type grading on S^{M,C) is given in terms of this isomorphism by 

S\M,C) = S^'-\M) ® S~^^\M) ^ Ai'"(M) © A°^\M) = AHM,C). 

5.3.3. Let 

C^JU^C) = t{C°°{M,AHM,C))) c C°°([/,C) 

be the subspace of smooth functions linear along the fibers of the canonical 
projection p : U C TM M. The relative de Rham differential defines an 
isomorphism 

(5.12) : C^iUX) ~* C°°{M,S\MX))- 

This isomorphism is compatible with the canonical Hodge structures of weight 
on both spaces, and it is linear with respect to multiplication by smooth 
functions / G C°°(M,C). 

5.3.4. Let now D : A°{U, C) ^ p*A^(M, C) be a Hodge connection on the pair 
{U,M), and let 6 : A^{U,C) p*A^M,C) be the corresponding bundles map. 
Since D is a C- valued connection, the restriction Q\m onto the zero section 
M C M decomposes as 

(5.13) e = Do e id : S^{M,C)®A\M,C) A\M,C) 



with respect to the direct sum decomposition (5.11) for a certain bundle map 
Do : S^{M,C) -> A\M,C). 

Definition. The bundle map Dq : S'^{M,C) — > A^(A/, C) is called the principal 
part of the Hodge connection D. 

5.3.5. Consider the map Dq : C°° (M , S\M , C)) ^ C°°{M,A^{M,C)) on the 
spaces of smooth sections induced by the principal part Do of a Hodge connec- 



tion D. Under the isomorphism (5.12) this map coincides with the restriction 
of the composition 

ResoD : C°°(J7,C) -> {U, p* A^{M,C)) C°°{M,A^{M, C)) 

onto the subspace C;°^(C/, C) C C°°{U,C). Each of the maps Res, D is weakly 
Hodge, so that this composition also is weakly Hodge. Since the isomorphism 
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( ^.12 ) is compatible with the Hodge bundle structures, this implies that the 



principal part Dq of the Hodge connection D is a weakly Hodge bundle map. 
In particular, it is purely imaginary with respect to the usual real structure on 
the conormal bundle S^{M, C). 

5.3.6. We can now formulate the main result of this subsection. 

Lemma. A Hodge connecti on D : A°([/, C) ^ p*A'^{M,C) on the pair {U,M) 
is holonomic in the sense of 2.4.2| on an open neighborhood Uq <Z U of the zero 



section M CZ U if and only if its principal part Dq : S^{M, C) — > A^{M, C) is a 
complex vector bundle isomorphism. 

Proof By definition the derivation D : A°(C/, C) p*A^(M, C) is holonomic in 



the sense of 2.4.2 if and only if the corresponding map 

e : A^{U,R) p*A\M,C) 

is an isomorphism of real vector bundles. This is an open condition. Therefore 
the derivation D is holonomic on an open neighborhood Uq D M of the zero 
section AI <Z U if and only if the map Q is an isomorphism on the zero section 
M CU itself. 



According to ( 5.13 ), the restriction 8|m decomposes as 9 a/ ^ Dq + \d, and 
the principal part Dq : S^{M,C) A^{M,C) of the Hodge connection D is 
purely imaginary with respect to the usual real structure on A^([/, C)|m, while 
the identity map id : p*A^(M, C) p*A^(M, C) is, of course, real. Therefore 
&M is an isomorphism if and only is Dq is an isomorphism, which proves the 
lemma. □ 



5.4. Hodge connections and linearity 

5.4.1. Assume now given a Hodge manifold structure on the subset U C TAI, 
and let D : A°{U, C) p*A^{M, C) be the associated Hodge connection on the 
pair ([/, M) given by Proposition We now proceed to rewrite the linearity 
condition |4.3.5| in terms of the Hodge connection D. 

Let j : A^{U,C) — > A^{U,C) be the canonical map defined by the quater- 
nionic structure on U, and let l* : A^{U,C) — > t*A^(C/, C) be the action of the 
canonical involution l : U ^ U. Let also D' : A°(C/,C) -> p*A^{M,C) be the 
operator t*-conjugate to the Hodge connection D. 

We begin with the following identity. 

Lemma. For every smooth function f £ C°°(t/, C) we have 

d-f = ^7r{j{6,{D-D^){f))), 

where tt : A^(U,C) — s- A^{U/A'I,C) is the canonical projection, and 

Sp : p*A^{M,C) AHU,C} 
is the codifferential of the projection p : U ~> M . 
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Proof. By definition of the Hodge connection D the Dolbeault derivative djf co- 
incides with the (0, l)-component of the 1-form Sp{Df) G A^{U, C) with respect 
to the complementary complex structure Uj on U. Therefore 



djf = lSp{Df) 



-1 



-jiSpiDf)). 



Applying the complex conjugation v : A* {U, C) — > A' {U, C) to this equation, we 
get 



]^^{5,{Du{f))) 



-I 



3{u{5p{Dy{f)))). 



Since the map 6pO D : A"{U, C) p*A^{M, C) is weakly Hodge, we have 

6p{D{>,*iyim = i*v{6p{Df)). 
Therefore v{5p{D{f))) = 5p{D'{v{f))), and we have 



djf = \5p[D^f) - ■ 

Thus the de Rham derivative du f equals 

1 



3{5p{D^f))- 



duf = djf + djf 



Sp{iD + D'')f) 



jiSpiiD - D^)f)). 



Now, by definition Sp o n = 0. Therefore 



d\f = niduf) = ^AjiSpiiD - D^)f))), 

which is the claim of the lemma. □ 
5.4.2. We will also need the following fact. It can be derived directly from 
Lemma 5.4.1, but it is more convenient to use Lemma 5.3.6 and the fact that 
the Hodge connection D : A"(J7, C) p*Ai(Af, C) is holonomic. 



Lemma. In the notation of Lemma 5.4.1, let 

A - Sp {{D - D') (Q- (;7,C))) c C°°{U, p*K\M, 



he the subspace of sections a G C°°{U, p*A^{M,C)) of the form a = Sp{{D — 
D')f), where f G C°°(f/,C) hes m the subspace C^^{U,C) C C°°{U,C) of 
smooth functions on U linear along the fibers of the projection p : U ^ M . The 
restriction Res(y^) C C°°(M, A^(M, C)) of the subspace A onto the zero section 
M CU is the whole space C°°{M,A\M,C)). 
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Proof. Let Dq = ResoD : C^JU,C) C°°{M,K^{M,C)) be the principal part 



of the Hodge connection D in the sense of Definition 5.3.4 Since the canonical 



automorphism l 
Therefore 



TM -> TM acts as -id on C^^{U,C), we have D'^ 



-Do. 



Res{A) = Reso{D - D') [Cf, 



^o) (Q7 



Since the Hodge connection D is holonomic, this space coincides with the whole 

. □ 
to prove the following criterion for the lin- 



C°°(M,Ai(M,C)) by Lemma 5.3.6 
5.4.3. We now apply Lemma p. 4.1 



earity of the Hodge manifold structure on U defined by the Hodge connection 
D : A"(J7,C) -> p*A\M, C). 

Lemma. The Hodge manifold structure on U G TM corresponding to a Hodge 
connection D : A°(?7, C) p*A^{M,C) is linear in the sense o/ 4.3.5 if and 
only if for every smooth function f g C°°{U,C) linear along the fibers of the 
projection p : U d TM — )■ M we have 



(5.14) 



1 



f = -a{iD-D^)f). 



where a : p*K^{M,C) ^ 
O), andD' : A"{U,C) 



5.4.1 



A°(C7, C) is the twisted tautological map introduced in 
p*A^(M, C) is the operator i* -conjugate to D, as in 



Proof. By Lemma 4.3.3 the Hodge manifold structure on U is linear if and only 
if for every aeC°°{U, p*A^{M, C)) we have 



(5.15) 



where (p is the differential of the t/(l)-action on U, j : A^(C/, C) A^{U,C) is 
the operator given by the quaternionic structure on U, and t : p*A^(Af, C) — > 
A'^{U,C) is the tautological map sending a 1-form on M to the corresponding 
linear function on TM, as in 4.3.2| . Moreover, by Lemma 5.4.2 and Lemma 4.3.6 
the equality ( 5.15| ) holds for aU smooth sections a G C°°{U, p*A^(M,C)) if and 
only if it holds for sections of the form 



(5.16) 



D')f), 



where / e C;'^([/, C) C C°°(C/, C) is hnear along the fibers ofp:U^M. 

Let now / S C°° {U, C) be a smooth function on U linear along the fibers of 
p : U —> M, and let a be as in ( ^.16 ). Since i^j is a vertical vector field on U 
over M, we have ((/?,j(")) = 7r(j( a))), w here tt : A'^{U,C) A^{U/MX) is 
the canonical projection. By Lemma [5.4.1 



(5.17) 



{v,j{a)) = {^M3{^)))={v,d^f)- 
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Since the function / is Hnear along the fibers of p : U ^ M, we can assume 



that / = cr (/3) fo r a smooth 1-form (} e C°°{M, K^[M,C)- Then by Q and 
by Lemma |5.2.8 the right hand side of (5.17) is equal to 



{^,d^f) = {^,d^{am) 
Therefore, ( ^.15| ) is equivalent to 



(5.18) 



-lr(/3) 



(^,rK/3)) - V^r(/3). 



5,{{D-D^)am 



But we have r = cr o where C : /0*A^(M, C) p*K^{M, C) is the invu lution 
introduced in (5^). In particular, the map Q is invertible, so that ( 5.18 ) is in 
turn equivalent to 

or, substituting back / = cr(/3), to 

f=]^a{6,{{D-D^)f))^ 



which is exactly the condition (5.14). □ 
5.4.4. Definition. A Hodge connection D on the pair {U,M) is called linear ii 
it satisfies the condition 5.14. 



We can now formulate and prove the following more useful version of Propo- 



sition 5.1 



Proposition 5.2 Every linear Hodge connection D : A'^{U,C) p*A^{M,C) 
on the pair {U, M) defines a linear Hodge manifold structure on an open neigh- 
borhood V C U of the zero section M C U , and the canonical projection 
p : Vi M is holomorphic for the preferred complex structure Vi on V . Vice 
versa, every such linear Hodge manifold structure on U comes from a unique 
linear Hodge connection D on the pair {U,M). 



Proof. By Proposition 5.1 and Lemma 5.4.3| , to prove this proposition suffices 
to prove that if a Hodge connection D : A"(J7, C) p*A^{M,C) is linear, then 
it is holonomic in the sense of 2.4.2 on a open neighborhood V C U oi the 
zero section M C U. Lemma ^.3.6 reduces this to proving that the principal 
part Do : S'^(M,C) A'^{M,C) of a linear Hodge connection D : A°(C/,C) 
p*A^{M,C) is a bundle isomorphism. 

Let D : A°(C/,C) -> p*A'^{M,C) be such connection. By (|1|) we have 

^ao{Do-D^) = id : S\M,C) A\M,C) S\M,C). 

Since cr : A^(M, C) S^{M,C) is a bundle isomorphism, so is the bundle map 
Do - D'q : S'^{M,C) Ai(M,C). As in the proof of Lemma ^.4.2| , we have 
Do = -D'o. Thus Do = \{Do - D'o) : S^{M,<C) A^{M,C) also is a bundle 
isomorphism, which proves the proposition. □ 
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6. Formal completions 
6.1. Formal Hodge manifolds 

6.1.1. Proposition reduces the study of arbitrary regular Hodge manifolds 
to the study of connections of a certain type on a neighborhood U C TM of 
the zero section M C TM in the total space TAI of the tangent bundle to a 
complex manifold M. To obtain further information we will now restrict our 
attention to the formal neighborhood of this zero section. This section contains 
the appropriate definitions. We study the convergence of our formal series in 
Section ^ 

6.1.2. Let X be a smooth manifold and let Bun(X) be the category of smooth 
real vector bundles over X. Let also DiS{X) be the category with the same 
objects as Bun(X) but with differential operators as morphisms. 

Consider a closed submanifold Z C X. For every two real vector bundles £ 
and T on X the vector space Hom(f , JF) of bundle maps from 5 to is naturally 
a module over the ring C°°{X) of smooth functions on X. Let C C°°{X) 
be the ideal of functions that vanish on Z and let Ilomz{£,^) be the 3z-adic 
completion of the C°°(X)-module Hom(f , J^). 

For any three bundles £,J-,G the composition map 

Mult : Hom(£:, T) ® Hom(J^, g) ilom{£, G) 

is C°°(X)-linear, hence extends to a map 

Mult : Homz(f , J^) ® RomziJ^^G) ^ llomz{£,G). 

Let TiimziX) be the category with the same objects as Bun(X) and for every 
two objects £, T G ObBun(X) with }iomz{£,J-) as the space of maps between 
.F anf !F. The category Bwiz{X), as well as Bun(X), is an additive tensor 
category. 

6.1.3. The space of differential operators DiS{£,!F) is also a C°°{X) module, 
say, by left multiplication. Let Diff2(£, J^) be its 3z-completion. The composi- 
tion maps in Diff(X) are no longer C°°(X)-linear. However, they still are com- 
patible with the 52-adic topology, hence extend to completions. Let T)iSz{X) 
be the category with the same objects as Bun(X) and with 'DiSz{£,J^) as the 
space of maps between two objects £,J- € ObBun(X). 

By construction we have canonical Z-adic completion functors 

Bun(X) Bunz(X) and Diff(X) ^ Diffz(X). 

Call the categories B\a\z{X) and D]&z{X) the Z-adic completions of the cate- 
gories Bun(X) and Diff(X). 

6.1.4. When the manifold X is equipped with a smooth action of compact Lie 
group G fixing the submanifold Z, the completion construction extends to the 
categories of G-equi variant bundles on M. When G — U{1), the categories 



yVTiodge^X) and WHodge {X) defined in 2.1.3 also admit canonical comple- 
tions, denoted by WHodgeziX) and WHodge^X). 
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6.1.5. Assume now that the manifold X is equipped with a smooth ?7(l)-action 
fixing the smooth submanifold Z G X. 

Definition. A formal quaternionic structure on X along the submanifold Z <Z X 
is given by an algebra map 

Mult :H^£nd Bun. (X) {^\X)) 

from the algebra H to the algebra 5?^^iBunz(x) {^^{X)) of endomorphisms of 
the cotangent bundle A^(X) in the category ^\mz{X). A formal quaternionic 
structure is called equivariant if the map Mult is equivariant with respect to the 
natural t/(l)-action on b oth si des. 



6.1.6. Note that Lemma p.4.l| still holds in the situation of formal completions. 
Consequently, everything in Section ^ carries over word-b y-wor d to the case of 



formal quaternionic structures. In particular, by Lemma 2.4.3 giving a formal 
equivariant quaternionic structure on X along Z is equivalent to giving a pair 
{£, D) of a Hodge bundle £ ox\ X and a holonomic algebra derivation D : 
A"{X) ^ £ in WHodge'^iX). 

6.1.7. The most convenient way to define Hodge manifold structures on X 
in a formal neighborhood of Z is by means of the Dolbeault complex, as in 



Proposition 3.1 



Definition. A formal Hodge manifold structure on X along Z is a pair of a 
pre- Hodge bundle £ G Oh WHodge^iX) of weight 1 and an algebra derivation 
D' : A'£ ^ A'+^£ in WHodge'^{X) such that D° : A°{£) ^ £ is holonomic 
and D° oD^ = 0. 

6.1.8. Let U G X he an open subset containing Z d X. For every Hodge 
manifold structure on U the Z-adic completion functor defines a formal Hodge 
manifold structure on X along Z . Call it the Z-adic completion of the given 
structure on U. 

Remark. Note that a Hodge manifold structure on U is completely defined by 
the preferred and the complementary complex structures Ui, Uj, hence always 
real-analytic by the Newlander-Nirenberg Theorem. Therefore, if two Hodge 
manifold structures on U have the same completion, they coincide on every 
connected component of U intersecting Z. 

6.2. Formal Hodge manifold structures on tangent bundles 

6.2.1. Let now M be a complex manifold, and let TAI be the total space of 
the complex-conjugate to the tangent bundle to M equipped with an action 
of C/(l)by dilatation along the fibers of the projection p : TM M . All the 
discussion above applies to the case X — TM, Z = M C TM. Moreover, the 



linearity condition in the form given in Lemma 4.3.3 generalizes immediately to 
the formal case. 

Definition. A formal Hodge manifold structure on TM along M is called linear 
if for every smooth (0, l)-form a € C°°(M, A°'i(M)) we have 

r(a)-(^,j(p*)) eC^°?(TAf,C), 
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where j is the map induced by the formal quaternionic structure on TM and (p 
and T are as in Lemma 4.3.3, 



6.2.2. As in the non-formal case, linear Hodge manifold structures on TM along 
M C TM can be described in terms of differential operators of certain type. 
Definition. A formal Hodge connection on TM along M C TM is an algebra 
derivation 

D : A°(TAf,C) ^ p*AHM,C) 

in WHodge'^j (TM) such that for every smooth function / G C° 
Dp* = p*dMf, as in (O) 



'(M, C) we have 
A formal Hodge connection is called flat if it extends 



to an algebra derivation 



D : p*K' (M, C) ^ A'+i(M, C) 
in WTi.odgef^{TM) such that D o D ^ 0. A for mal H odge connection is called 



linearif it satisfies the condition (5.14) of Lemma 5.4.3, that is, for every function 
/ S C^j^{TM, C) linear along the fibers of the projection p : TM ^ M we have 



where a : p*A^{M, C) — > A°{TM, C) is the twisted tautological map introduced 
in (p^), the automorphism t : TM — > TM is the multiplication by —1 € C on 
every fiber of the projection p : TM M, an d D' : A°(TM, C) p*A^{M, C) 
is the operator i*-conjugate to D, as in 5.4.1 . 

The discussion in Section |^ generalizes immediately to the formal case and 
gives the following. 

Lemma. Linear formal Hodge manifold structures on TM along the zero sec- 
tion M C TM are in a natural one-to-one correspondence with linear flat formal 
Hodge connections on TM along M . 



6.3. The Weil algebra 

6.3.1. Let, as before, AI be a complex manifold and let T M be the total space of 
the complex conjugate to its tangent bundle, as in 4.2.5 . In the remaining part 
of this section we give a description of the set of all formal Hodge connections on 
TAI along AI in terms of certain differential operators o n AI r ather than on TAI . 
We call such operators extended connections on AI (see ^.4.1 for the definition) . 
Together with a complete classification of extended connections given in the next 
Section, this description provides a full classification of regular Hodge manifolds 
"in the formal neighborhood of the subset of J7(l)-fixed points". 

6.3.2. Before we define extended connections in Subsection 6.4), we need to in- 
troduce a certain algebra bundle in WHodge{M) which we call the Weil algebra. 
We begin with some preliminary facts. 

Recall (see, e.g., |D1|) that every additive category A admits a canonical 
completion Lim^ with respect to filtered projective limits. The category Lim^ 
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is also additive, and it is tensor if A was tensor. Objects of the canonical 
completion Limy^ are called pro-objects in A. 

6.3.3. Let p : TM ^ M be the canonical projection. Extend the puUback 
functor p* : Bun(Af) Bun(TM) to a functor 

p* : Bun(Af) BuumCTM) 

to the M-adic completion BuuMiTM). The fimctor p* admits a right adjoint 
direct image functor 

: BunM(TA/) LimBun(M). 

Moreover, the functor p^ extends to a functor 

: DiffM(TA/) LimDifr(M). 

Denote by C) — /9*A"(TAf) the direct image under the projection p : 

TM -> M of the trivial bundle A"{TM) on TM. 

The compact Lie group U (1) acts on TM by dilatation along the fibers, and 
the functor : DiS m{TM) — > LimDiff(Af) obviously extends to a functor : 

WHodge^jiTM) — > ljimWHodge{M) . The restriction of p* to the subcategory 

WHodgeMiTM) C WHodge^iTM) is _adjoint on the right to the puUback 
functor p* : WHodgeiM) WHodgeMiTM). 

6.3.4. The constant bundle A'^(TM) is canonically a Hodge bundle of weight 0. 
Therefore B°{M, C) = p,A°(M, C) is also a Hodge bundle of weight 0. Moreover, 
it is a commutative algebra bundle in LiniWHodgeQ{M) . Let S^{M,C) be the 

conormal bundle to the zero section M C TM equipped with a Hodge bundle 
structure of weight as in 5.3.2| , and denote by S'^{M,C) the i-th symmetric 



power of the Hodge bundle S^{M,C). Then the algebra bundle S°(A/,C) in 
LimWHodgeQ{M) is canonically isomorphic 

B°{M,C) !^ S'{M, C) 

to the completion S' {M, C) of the symmetric algebra S' (M, C) of the Hodge 
bundle S^{AI,C) with respect to the augmentation ideal S^'^{M,C). 

Since the C/(l)-action on M is trivial, the category WHodge{M) of Hodge 
bundles on M is equivalent to the category of pairs {£,-) of a complex bundle 
£ equipped with a Hodge type grading 

p.q 

and a real structure - : 8^ '^ £1'P. The Hodge type grading on B^{M,<C) is 
induced by the Hodge type grading S^{M,C) = S^~^(M) ® 5'"^-^(M) on the 



generators subbundle C) C ;B°(Af, C), which was described in 5.3.2 
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Remark. The complex vector bundle (M, C) is canonically isomorphic to the 
cotangent bundle A^(M, C). However, the Hodge bundle structures on these two 
bundles are different (in fact, they have different weights). 

6.3.5. Consider the pro-bundles 

B'{M,C) = p.p*A'{M,C) 

on M. The direct sum (BB' (M, C) is a graded algebra in LimBun(M, C). More- 
over, since for every i > the bundle A*(M, C) is a Hodge bundle of weight i 
(see pT7| ), B'{M,C) is also a Hodge bundle of weight i. Denote by 

B'{M,C) = BP'''{M,C) 

p+q=i 

the Hodge type bigrading on B^{M, C). 

The Hodge bundle structures on B' (A/, C) are compatible with the multi- 
plication. By the projection formula 

B' (A/, C) = 6" (A/, C)(g)A' {M, C) , 

and this isomorphism is compatible with the Hodge bundle structures on both 
sides. 

Definition. Call the algebra B' (Af, C) in L'miWHodge{M) the Weil algebra of 
the complex manifold M . 

6.3.6. The canonical involution t : TM TM induces an algebra involution 
L* : B'{M,C) — > B'{M,C). It acts on generators as follows 

L* = -id : S\M,C) S\M,C) L* = \d: A\M,C) A\M,C). 

For every operator N : B^{M, C) B'^{M, C), p and q arbitrary, we will denote 

by 

N' = L* o N o i* : BP{M, C) ^ B^M, C) 
the operator 6*-conjugate to N. 

6.3.7. The twisted tautological map a : p*A'^{M,C) A"(TAf,C) introduced 
in 5.6 induces via the functor a map a : B^{M,C) B°{M,C). Extend this 



map to a derivation 

a : B'+\M,C) B'{M,C) 

by setting cr = on S^{M,C) C B"{M,C). The derivation B'+^{M,C) ^ 
B'{M,C) is not weakly Hodge. However, it is real with respect to the real 
structure on the Weil algebra B' (Af, C). 

6.3.8. By definition of the twisted tautological map ( |5.6| , 4.3.2| ), the deriva- 
tion a : B'+\M,C) B'{M,C) maps the subbundle A^M,C) C B\MX) 
to the subbundle S^{M,C) C B'^{AI,C) and defines a complex vector bundle 
isomorphism a : A-'^(Af, C) — > S^{AI,C). To describe this isomorphism ex- 
plicitly, recall that sections of the bundle B'^{AI,C) are the same as formal 
germs along Af C TM of smooth functions on the manifold TAI. The sections 



48 



of the subbundle S^{M,C) C B^{M,C) form the subspace of functions linear 
along the fibers of the canonical projection p : TM M. The isomorphism 
a : (M, C) — > S*^ (M, C) induces an isomorphism between the space of smooth 
1-forms on the manifold M and the space of smooth functions on TM linear 
long the fibers of p : TM M. This isomorphism coincides with the tauto- 
logical one on the subbundle A^'" C A^(M, C), and it is minus the tautological 
isomorphism on the subbundle A°'^ C A^{M, C). 
Denote by 

C^cr-^ : S\M,C) Ai(Af,C) 

the bundle isomorphism inverse to a. Note that the complex vector bundle 
isomorphism a : A^(M, C) S^{M,C) is real. Moreover, it sends the sub- 
bundle Ai'O(Af) c Ai(M,C) to S'i-i(M) c SHM,C), and it sends A"'\M) 
to S'^i^^M). Therefore the inverse isomorphism C : S'^{M,C) Ai(A/,C) is 
weakly Hodge. It coincides with the tautological isomorphism on the subbundle 
S^'~^ C S^{M,C), and it equals minus the tautological isomorphism on the 
subbundle S'^'^ c S^{M,C). 



6.4. Extended connections 

6.4.1. Wc are now ready to introduce the extended connections. Keep the 
notation of the last subsection. 

Definition. An extended connection on a complex manifold M is a differential 



operator D : S^{M, C) B^{M, C) which is weakly Hodge in the sense of |2.1.3 
and satisfies 

(6.1) D{fa)^ fDa + a®df 

for any smooth function / and a local section a of the pro-bundle S"(M, C). 
6.4.2. Let D be an extended connection on the manifold M. By 6.3.5| we have 
canonical bundle isomorphisms 

B^{M, C) B"{M, C) (g) A^{M, C) S\M, C) A\M, C). 

i>0 

Therefore the operator D : ^ B^ decomposes 

(6.2) D = J2Dp, Dp-. S^{M,C) S'{M,C)(g)A^{M,C). 

p>0 



By ( p.lD all the components Dp except for the Di are weakly Hodge bundle 
maps on M , while 

Di : S\M,C) (M, C)(E)A^ (M, C) 

is a connection in the usual sense on the Hodge bundle S'^(M, C). 
Definition. The weakly Hodge bundle map Dq : S'^{M,C) A'^{M,C) is 
called the principal part of the extended connection D on M . The connection 
Di is called the reduction of the extended connection D. 
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6.4.3. Extended connection on M are related to formal Hodge connections on 
the total space TM of the complex-conjugate to the tangent bundle to M by 
means of the direct image functor 



: WHodgeMiTM) ^ UmWHodge'^iM). 

Namely, let D : A°(M, C) p *A^(M, C) be a formal Hodge connection on TM 
along M in the sense of |6.2.2 . The restriction of the operator 



p,D:B"{M, C)^BHM,C) 

to the generators subbun dle S^ {M, C) C B'^{M, C) is then an extended connec- 
tion on M in the sense of |6.4.l| . The principal part Dq : S^{M,C) A^{M,C) 
of the Hodge connection D in the sense of 5.3.4 coincides with the principal part 
of the extended connection p^D. 

6.4.4. We now write down the counterparts of the flatness and linearity condi- 
tions on a Hodge connection on TM for t he ass ociated extended connection on 
M. We begin with the linearity condition |5.4.4 Let D : S'^{M, C) B'^{M, C) 
be an extended connecti on on Af , let a : B'^^{M, C) B' {M, C) be the algebra 
derivation introduced in 6.3.7, and let 



D' : B'{M,C) B'+\M,C) 



be the operator i*-conjugate to D as in |6.3.6 



Deflnition. An extended connection D is called linear if for every local section 
/ of the bundle S^{M, C) we have 



f=la{iD-D^)f). 



hAA 



In particular, a formal 



This is, of course, the literal rewriting of Definition 
Hodge connection D on TM is linear if and only if so is the extended connection 
p^D on M. 

6.4.5. Next we rewrite the flatness condition \tA.% Again, let 

D ■ S\M,C) B\M,C) 

be an extended connection on M. Since the algebra pro-bundle S"(Af, C) is 
freely generated by the subbundle S^{AI,C) C B^{M,C), by (3.1) the operator 
D : S^{M,€.) B^{M,C) extends uniquely to an algebra derivation 

D:B"{M,C)^B^{M,C)- 

Moreover, we can extend this derivation even further to a derivation of the Weil 
algebra 

D : B'{M,C) ^ I3'+\M,C) 

by setting 



(6.3) 



D{f ®a)^Df®a + f(^da 
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for any smooth section / € C°°{M,B^{M,C)) and any smooth form a G 
C°° {M , A' {M , C)) . We will call this extension the derivation, associated to 
the extended connection D. 

Vice versa, the Weil algebra B' (M, C) is generated by the subbundles 

S^{M,C),A\M,C) c B'{M,C). 

Moreover, for every algebra derivation D : B'{M,C) B'^^{M,€.) the con- 
dition ( |6.3| ) completely defines the restriction of D to the generator subbun- 
dle Ai(M,C) C B^{M,C). Therefore an algebra derivation D : B'{M,C) 
B' {M, C) satisfying ( |6.3| ) is completely determined by its restriction to the gen- 
erators subbundle S^{M, C) B^{M, C). If the derivation D is weakly Hodge, 
then this restriction is an extended connection on M . 

6.4.6. Definition. The extended connection D is called flat if the associated 
derivation satisfies D o D = 0. 



If a formal Hodge connection D on TM is flat in the sense of 5.1.7, then we 
have a derivation D : p*A'{M, C) p*A'+^{M, C) such that D o D ^ 0. The 
associated derivation p^,D : B'{M,C) B'^^{M,C) satisfies ( |6.3| ). Therefore 
the extended connection p^^D : S^{M,C) — > B^{M,C) is also flat. 
6.4.7. It turns out that one can completely recover a Hodge connection D on 
TM from the corresponding extended connection p^D on M . More precisely, 
we have the following. 

Lemma. The correspondence D i—^ p^D is a bijection between the set of formal 
Hodge connections on TM along M C TM and the set of extended connections 
on M . A connection D is flat, resp. linear if and only if p<,D is flat, resp. 
linear. 

Proof. To prove the first claim of the lemma, it suffices to prove that every ex- 
tended connection on M comes from a unique formal Hodge connection on the 
pair {TM,M). In general, the functor is not fully faithful on the category 
Diff (M), in other words, it does not induce an isomorphism on the spaces of dif- 
ferential operators between vector bundles on TM . However, for every complex 
vector bundle £ on TM the functor does induce an isomorphism 

p, : DerM(A°(M,C),f) ^ Dcreo(M,c)(S°(M, C), ) 

between the space of derivations from A°(M, C) to completed along M C TM 
and the space of derivations from the algebra B°{M,C) = p*A°(Af, C) to the 
S''(M, C)-module p^:£. Therefore every derivation 

D' : B°{M,C) -> B^{M,C) ^ p^p*A^{M,C) 

must be of the form D' = p^D for some derivation 

D : A°(TAf, C) ~* p*A^{M, C) 

It is easy to check that D is a Hodge connection if and only if D' = p^,D is 



weakly Hodge and satisfies (|6.1[). By 6.4.5 the space of all such derivations 
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D' : B'^{M, C) — > B^{M, C) coincides with the space of all extended connections 
on M, which proves the first claim of the lemma. 

Analogously, for every extended connection D' ~ p^D on A/, the canon- 
ical extension of the operator D' to an algebra derivation D' : B' {M, C) — > 



B'^^{M,C) constructed in 6.4.5 must be of the form p^D for a certain weakly 
Hodge differential operator D : p*A'(M,C) A'+i(M,C). If the extended 
connection D' is flat, then D' o D' = 0. Therefore D o D = Q, which means that 
the Hodge connection D is flat. Vice versa, if the Hodge connection D is flat, 
then it extends to a weakly Hodge derivation D : p*A' {M, C) A'+^(Af, C) so 
that DoD = 0. The equality DoD = implies, in particular, that the operator 
yO*Z) vanishes on the sections of the form 

Df = dfe C°°(Af, Ai(M,C)) c C°^{M,B^{M,C)), 

where / € C°°{M, C) is a smooth function on M. Therefore p^^D coincides with 
the de Rham differential on the subbundle A^{M,C) C B^{M,C)- Hence by 



S.4.5 it is equal to the canonical derivation D' : B' {M, C) B'^^{M, C). Since 
D o D = 0, we have D' o D' = 0, which means that the extended connection D' 
is flat. 

Finally, the equivalence of the linearity conditions on the Hodge connection 
D and on the extended connection D' = p^D is trivial and has already been 



noted in 6.4.4, □ 



This lemma together with Lemma 6.2.2 reduces the classification of linear 



formal Hodge manifold structures on TM along the zero section M C TM to 
the classification of extended connections on the manifold M itself. 



7. Preliminaries on the Weil algebra 



7.1. The total de Rham complex 

7.1.1. Before we proceed further in the study of extended connections on a 
complex manifold M, we need to establish some linear-algebraic facts on the 
structure of the Weil algebra B'{M,C) defined in 3.3.5. We also need to in- 
troduce an auxiliary Hodge bundle algebra on M which we call the total Weil 
algebra. This is the subject of this section. Most of the facts here are of a 
technical nature, and the reader is advised to skip this section until needed. 

7.1.2. We begin with introducing and studying a version of the de Rham com- 
plex of a complex manifold M which we call the tot al de R ham complex. Let M 
be a smooth complex C/(l)-manifold. Recall that by 2.1.7 the de Rham complex 
A' (M, C) of the complex manifold M is canonically a Hodge bundle algebra on 
M. Let A'totiM) = r(A'(M,C)) be th e weight Hodge bundle obtained by 



apply ing the functor F defined in 2.1.4 to the de Rham algebra A'(M,C). By 



1.4.S the bundle AJq((M) carries a canonical algebra structure. By 2.1.7 the de 
Rham differential d]\i is weakly Hodge. Therefore it induces an algebra deriva- 
tion dm : Al^f{M) Al^f^{M) which is compatible with the Hodge bundle 
structure and satisfies c^m ° dpi ~ 0. 
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Definition. The weight Hodge bundle algebra Algf.{M) is called the total de 
Rham complex of the complex manifold M . 
7.1.3. By definition 

ALt(Af) = V{K\M,C)) = A\M,C) ® W* , 

wher e W* — S'^W^ is the symmetric power of the M-Hodge structure Wj*, as in 



1.4.4 . To describe the structure of the algebra AJ^j (M) , we will use the following 



well-known general fa ct. (Fo r the sake of completeness, we have included a 



sketch of its proof, see |7.1.12| .) 



Lemma. Let A, B he two objects in an arbitrary Q-linear symmetric tensor 
category A, and let C = S' {A (g) B) be the sum of symmetric powers of the 
object A® B . Note that the object C is naturally a commutative algebra in A in 
the obvious sense. Let also C = S'^A (g) S''B with the obvious commutative 
algebra structure. The isomorphism = = A i® B extends to a surjective 
algebra map C' C , and its kernel Z' C C is the ideal generated by the 
subobject = A2 ( A) (g) A2 (B) C ( A (g) B) . 

7.1.4. The category of complexes of Hodge bundles on M is obviously Q-linear 



and tensor. Applying Lemma 7.1.3 to A = Wj*, B = K^{M,C)[l] immediately 
gives the following. 

Lemma. The total de Rham complex K\g^{M) of the complex manifold M is 
generated by its first component Al^^{M), and the kernel of the canonical sur- 
jective algebra map 

A- (AUM)) ^ AUM) 

from the exterior algebra of the bundle Al^^{M) to Al^^{M) is the ideal generated 
by the subbundle 

A^Wi (g S^{A\M,C)) c S^{Alt{M)). 

7.1.5. We can describe the Hodge bundle Al^^{M) more explicitly in the follow- 
ing way. By definition, as a ?7(l)-equivariant complex vector bundle it equals 

Ai„,(M) = Ai(M,C)(g Wi* = (Ai^°(M)(l)eA°'i(M)(0)) (g(C(O)eC(-l)), 

where AP'''{M){i) is the C/(l)-equi variant bundle AP''(M) tensored with the 1- 
dimensional representation of weight i, and C(i) is the constant t7(l)-bundle 
corresponding to the representation of weight i. If we denote 

S\M, C) = Ai-0(M)(1) ® A«^i(M)(-l) c AUM), 
Ai(Af)=Ai'"(Af)cAL(M), 
Ai,(A/)=AO'i(M)cAL(Af), 



then we have 



aUm) = sHm,c) ® aUm) ® aUm). 
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The complex conjugation - : Al^f{M) —f l* Kl^^{M) preserves the subbundle 

5i(M,C)cAL(A^,C) 
and interchanges A;^;(A/) and A^^(Af). 

7.1.6. If the [/(l)-action on the manifold M is trivial, then Hodge bundles are 
the same as bigraded complex vector bundles with a real structure. In this case 
the Hodge bigrading on the Hodge bundle A^^^ (A/, C) is given by 



{KUM)) '' - S'^-\MX) = Ai^°(A/)(l), 
{KUM)y''' - S-'^\M,C) = A"^i(Af)(-l), 
(AL(Af))°'" = Ai (Af) ® Kl,{M) - Ai(Af, C). 

Under these identifications, the real structure on K\^^{M,<C) is minus the one 
induced by the usual real structure on the complex vector bundle A^(Af, C). 
Remark. The Hodge bundle S^{M, C) is canonically isomorphic to the conor- 



mal bundle to the zero section M C TM, which we have described in 5.3.2 



7.1.7. Recall now that we have defined in 1.4.7 canonical embeddings 7i,7r : 
W * ^ Wl for every Q < p < k. Since Wg = C, for every p, q' > we have by 
( pT^ ) a short exact sequence 

(7.1) > c > w; ® w* w;+q > o 

of complex vector spaces. Recall also that the embeddings 7;, 7^ are compatible 
with the natural maps can : W* W* ^^p+q- Therefore the subbundles 
defined by 

Af(M) = 7,(W;) ® AP''=-P(Af) c AL(Af) = W,! ® A^^'^-f (Af) 

Q<p<k 0<p<k 

K{M)^ 7r(W;)®A'=-f^f(A/)cAL(Af)= Wl®K^-^^P{M) 

0<p<k 0<p<k 

are actually subalgebras in the total de Rham complex Al^^{M). 

7.1.8. To describe the algebras A;(M) and A*(M) explicitly, note that we 



obviously have Al^^{M) = A; (Af) + A'(M). Moreover, in the notation of 7.1.5 
we have 

AliM) = S\M,C) e Ai (Af) c AUM), 
Al{M) = S'i(Af,C) e Al^{M) c A\^^{M). 

By Lemma [7.1.3| , the algebra 

^i^M) = (0 w; ® Af^°(Af) ) ® (0A"^^(A/) ) 
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is the subalgebra in the total de Rham complex Al^^{M) generated by Aj{M), 
and the ideal of relations is generated by the subbundle 

52(Ai^0(M)) (g, A2(W*) c A\Aj{M)). 

Analogously, the subalgebra A' (M) C Ajo((M) is generated by Aj;(M), and the 
relations are generated by 

52(A0'1(M)) (g) A2(>vr) C A^{Al{M)). 

7.1.9. We will also need to consider the ideals in these algebras defined by 

Afz(M) = 7K>V;) ^ A^'^-P{M) c Af (M) 
i<p<fc 

^rr{M)= 7r(W;)® A'^-f'^CM) c A^-(M) 
l<p<fc 

The ideal A\i{M) C A}{M) is generated by the subbundle A}i{M) C A}{M), and 
the ideal A;^(Af) C Al{M) is generated by the subbundle Al^{M) C Ai(M). 

7.1.10. Denote by A;(Af) = A;(Af) n A;(Af) C A'^^^{M) the intersection of 
the subalgebras A\{M) and A'(M). Unlike either of these subalgebras, the 
subalgebra A'^{M) C Al^^{M) is compatible with the weight Hodge bundle 



structure on the total de Rham complex. By (7.1) we have a short exact sequence 



(7.2) 

> A"(Af,c) > a;(m)©a;(a/) > KotiM) > o 

of complex vector bundles on M . Therefore the algebra A^(M) is isomorphic, 
as a complex bundle algebra, to the usual de Rham complex A'(M, C). As a 
Hodge bundle algebra it is canonically isomorphic to the exterior algebra of the 
Hodge bundle S'^(M, C) of weight on the manifold M. 



Finally, note that the short exact sequence (7.2) induces a direct sum de- 
composition 

a;„,(a/) - A;;(Af) e A;(Af) ® a-„(m). 

7.1.11. Remark. The total de Rham complex A'|.^^{M) is related to Simpson's 
theory of Higgs bundles (see [Q) in the following way. Recall that Simpson has 
proved that every (sufficiently stable) complex bundle £ on a compact complex 
manifold M equipped with a flat connection V admits a unique Hermitian 
metric h such that V and the 1-form 6* = V - V'* G C°° {M , A^ [End £)) satisfy 
the so-called harmonicity condition. He also has shown that this condition is 
equivalent to the vanishing of a certain curvature-like tensor R G A^ {M, End £) 
which he associated canonically to every pair (V, 0). 

Recall that flat bundles {£, V) on the manifold M are in one-to-one corre- 
spondence with free differential graded modules £(S)A' {M, C) over the de Rham 
complex A'(Af, C). It turns out that complex bundles £ equipped with a flat 
connection V and a 1-form 6 G C°°{M, A^{£nd £)) such that Simpson's tensor R 
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vanishes are in natural one-to-one correspondence with free differential graded 
modules £ ® K'|.^^{M) over the total de Rham complex K'^^^{M). Moreover, a 
pair (0, V) comes from a variation of pure M-Hodge structure on £ if and only if 
there exists a Hodge bundle structure on £ such that the product Hodge bundle 
structure on the free module £ (g) K'^g^{M) is compatible with the differential. 



7.1.12. Proof of Lemma 7.1.3. For every fc > let G = Efc x be the 
product of two copies of the symmetric group on k letters. Let Vk be the 
Q-representation of Gk induced from the trivial representation of the diagonal 
subgroup Sfc C Gk- The representation Vk decomposes as 

Vk = @vmv, 

V 

where the sum is over the set of irreducible representations V of S^. We obvi- 
ously have 

= Home, (Vfc, A®^ ® B"^^) = Homs, {V, A®^) ® Homs, {V, A®^) . 

V 

Let Z' C C be the ideal generated by h?A ® h?B C S'^{A B). It is easy to 
see that 

3' = E Horns, A®'^) ® Homs, {V, C C^ 

l<(<fc-l V 

where the first sum is taken over the set of fc — 1 subgroups S2 C Sfc, the l-ih. 
one transposing the /-th and the / -I- 1-th letter, while the second sum is taken 
over all irreducible constituents V of the representation of induced from the 
sign representation of the corresponding E2 C Efc. Now, there is obviously only 
one irreducible representation of which is not encountered as an index in this 
double sum, namely, the trivial one. Hence = S''A (g) S''B, which proves 

the lemma. □ 

7.2. The total Weil algebra 

7.2.1. Assume from now on that the J7(l)-action on the complex manifold M 
is trivial. We now turn to studying the Weil algebra of the manifold M. Let 
S\M,C) = S^'-HM,C) © S'-i'i(M,C) be the weight Hodge bundle on M 



introduced in 5.3.2. To simplify notation, denote 

S' = S'{S\M,C)) 
A' ^A'{M,C), 

where S' is the completed symmetric power, and let 

B' =B'{M,C) = 5' ® A' 



be the Weil algebra of the complex manifold M introduced in 6.3.5, Recall that 
the algebra B' carries a natural Hodge bundle structure. In particular, it is 
equipped with a Hodge type bigrading B^ = J2p+q=i^'''''^- 
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7.2.2. We now introduce a different bigrading on the Weil algebra B' . The 
commutative algebra B' is freely generated by the subbundles 

= S^--^ ® S^'^-^ C B° and = A^'° <S) A°^'^ <z B\ 

therefore to define a multiplicative bigrading on the algebra B' it suffices to 
assign degrees to these generator subbundles S^'^^, S~^'^ , A^ '^ , A'^'^ C B' . 
Definition. The augmentation bigrading on B' is the multiplicative bigrading 
defined by setting 

degS-i^^i =degAi^° = (1,0) 
deg 5-1^1 =degA"^i = (0,1) 

on generators S^--\ S-^'\ A^'° , A°-^ C B' '. 

We will denote by B'p''^ the component of the Weil algebra of augmentation 
bidegree (p, q). For any linear map a : B' ^ B' we will denote by a = J2p q ^p,q 
its decomposition with respect to the augmentation bidegree. 

It will also be useful to consider a coarser augmentation grading on B' , 
defined by degyB^^^ = p+q. We will denote by B^ = 0^^^^^^, B'p^ the component 
of B' of augmentation degree k. 

7.2.3. Note that the Hodge bidegree and the augmentation bidegree are, in 
general, independent. Moreover, the complex conjugation - : B' B' sends 
B'p g to B'^ p. Therefore the augmentation bidegree components ^ C B' are not 
Hodge subbundles. However, the coarser augmentation grading is compatible 
with the Hodge structures, and the augmentation degree fc-component Bl. C 
B'^ carries a natural Hodge bundle structure of weight i. Moreover, the sum 
B'p^ + B'q p c B' is also a Hodge subbundle. 

7.2.4. We now introduce an auxiliary weight Hodge algebra bundle on M, 



called the total Weil algebra. Recall that we have defined in 2.1.4 a functor 
r : WTi.odge^Q{M) WHodgeQ{M) adjoint on the right to the canonical 
embedding. Consider the Hodge bundle Bl^^ = T{B') of weight on M. By 



1.4.9 the multiplication on B' induces an algebra structure on T(B'). 
Definition. The Hodge algebra bundle B^^f of weight is called the total Weil 
algebra of the complex manifold M . 

Remark. For a more conceptual description of the functor F and the total Weil 
algebra, see Appendix. 

7.2.5. By definition of the functor F we have B^^^ ^ B'' ®Wl = S' ® A^ ®Wl = 
S' (g) A*^„(, where A'^^^ ^_t^ ® W* = F(A'') is the total de Rham complex 



introduced in Subsection |7Jj. We have also introduced in Subsection [7T| Hodge 
bundle subalgebras A*,AJ,A* C Aj^^ in the total de Rham complex AJ^j and 
ideals A\i c AJ, A^^ c A^ in the algebras A], A'. Let 

B^;,=S' ®AlciBt, 
Bt ^S'(gA';c BL 
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be the associated subalgebras in the total Weil algebra Bl^^ and let 

B^i = S- ® c Bf 
B^^ ^S' ^ A';.^ c B^ 

be the corresponding ideals in the Hodge bundle algebras B'l , B'^. 



By 7.1.1C we have bundle isomorphisms AJ^j = AJ + A' and A^ — A; n A 



and the direct sum decomposition Aj^^ = AJ; A^ffi A'^. Therefore we also have 
(7.3) 



Bi, = Bi +b:=Bu(bb:®b:, 



B: = Blf]B:cBl, 



Moreover, the algebra A^ is isomorphic to the usual de Rham complex A', 
therefore the subalgebra B'^ C Bl^^ is isomorphic to the usual Weil algebra B' . 
These isomorphisms are not weakly Hodge. 

7.2.6. The total Weil algebra carries a canonical weight Hodge bundle struc- 
ture, and we will denote the corresponding Hodge type grading by upper indices: 
^'tot — ® P i^'to tY'^^ ■ The augmentation bigrading on the Weil algebra intro- 
duced in 7.2.2 extends to a bigrading of the total Weil algebra, which we will 
denote by lower indices. In general, both these grading and the direct sum de- 
composition (7.3) are independent, so that, in general, for every i > we have 
a decomposition 

Bio. = e (sn);:r ® ^^XT ® (^^^);:r • 

We would like to note, however, that some terms in this decomposition vanish 
when i — 0, 1. Namely, we have the following fact. 

Lemma. Let n, k be arbitrary integers such that fc > 0. 

(i) If n + k is odd, then (yB^'^t)^'' " = 0. 

(ii) If n + k is even, then (^B^^^' " = {^rrYk " ~ 0, while if n + k is odd, 
then {Bl)l^''' = 0. 

Proof. 

(i) The bundle B^^^ by definition coincides with B'^, and it is generated by the 
subbundles S^'~^ , S~^'^ C Both these subbundles have augmentation 
degree 1 and Hodge degree ±1, so that the sum n -I- fc of the Hodge 
degree with the augmentation degree is even. Since both gradings are 
multiplicative, for all non-zero components B^' " C the sum n + k 
must also be even. 

(ii) By definition we have B]:g^ — B" Mot- The subbundle Aj^j C B^^i has 
augmentation degree 1, and it decomposes 

^tot = ® Ml ® Mr- 
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By |7.1.5| we have = S'^ ~^ S~^ '^ as Hodge bundles, so that the 

Hodge degrees on A;^ C A^^^ are odd. On the other hand, the subbundles 
Aj^j, Aj^ C AjQj are by 7.1.6| of Hodge bidegree (0,0). Therefore the sum 



n - 



k of the Hodge and the augmentation degrees is even for A^ and odd 
for Aji and A^^. Together with (i) this proves the claim. □ 

7.3. Derivations of the Weil algebra 

7.3.1. We will now introduce certain canonical derivations of the Weil algebra 
B' (M, C) which will play an important part in the rest of the paper. First of 
all, to simplify notation, for any two linear maps a, b let 

{a, b}^aob + boa 

be their anticommutator, and for any linear map a : B' B'~^^ let a = 
J2p+q=i ^^'"^ be the Hodge type decomposition. The following fact is well-known, 
but we have included a proof for the sake of completeness. 

Lemma. For every two odd derivations P,Q of a graded- commutative algebra 
A, their anticommutator {P, Q} is an even derivation of the algebra A. 

Proof. Indeed, for every a, 6 g we have 

{P, Q}{ab) = P{Q{ab)) + Q{P{ab)) 

- P{Q{a)b + {-if'^'^aQib)) + Q{P{a)b + (-l)'^^s''aP(6)) 
= P(0(a))5+ (-l)'^°s«('^)Q(a)P(6) + {-lf'^''P{a)Q(b) 

+ aP{Q{b)) + Q{P{a))b + {-lf'"iP^''^P{a)Q{b) 

+ (-l)^^s°Q(a)P(6)+aQ(P(6)) 
= P(Q(a))6- (-l)'^^s"Q(a)P(6) + {-lf''^''P{a)Q{b) 

+ aP{Q{b)) + Q{P{a))b - {-\f''^''P{a)Q{b) 

+ (-l)^^s°Q(a)P(5)+aQ(P(6)) 
= P{Q{a))h + aP{Q{h)) + Q{P{a))b + aQ{P{b)) 
= {P,Q}{a)b + a{P,Q}{b). 

□ 



7.3.2. Let C : S*^ ^ A^ be the canonical weakly Hodge map introduced in 6.3.8 
Ex tend C to an algebra derivation C : B' ^ B'^^ hy setting C = on A^ C B^ 



By |6.3.8| the derivation C is weakly Hodge. The composition 



CoC= i{C,C} -.B' -^B'+^ 

is also an algebra derivation, and it obviously vanishes on generators 5^, A^ C 
B' . Therefore C o C = everywhere. 
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Let also a : B' be the derivation introduced in [6.3.7 . The derivation 



(T is not weakly Hodge; however, it is real and admits a decomposition a 
cr^^'" + ct"'^^ into components of Hodge types (—1,0) and (0, —1). Both these 
components are algebra derivations of the Weil algebra B' . We obviously have 
a o a = (T~^'° o cr^i'" = a"'^ o cr°'~^ = on generators S^,A^ C B' , and, 
therefore, on the whole Weil algebra. 

Remark. Up to a sign the derivations C, a and their Hodge bidegree com- 
ponents coincide with the so-called Koszul differentials on the Weil algebra 
B' = S' (g>A\ 

7.3.3. The derivation C : B' ^ B''^^ is by definition weakly Hodge. Applying 
the functor F to it, we obtain a derivation C : B^^ ^'tot^ of the total Weil alge- 
bra Blgt preserving the weight Hodge bundle structure on B^i. The canonical 
identification B' = B'„ C B^^ is compatible with the derivation C : B^^ ^tot'- 



Moreover, by [7.3.2| this derivation satisfies C o C = : Bl^. — + Bl^^^. There- 



fore the total Weil algebra B^^ equipped with the derivation C is a complex of 
Hodge bundles of weight 0. 

The crucial linear algebraic property of the total Weil algebra B^^ of the 
manifold M which will allow us to classify flat extended connections on M is 
the following. 

Proposition 7.1 Consider the subbundle 

(7.4) iBlt)p,, C Bl, 

p,q>l 

of the total Weil algebra B^^ consisting of the components of augmentation 
bidegrees (j>,q) with p,q > 1. This subbundle equipped with the differential 
C : (/BjQt). . {Btot^) , . is an acyclic complex of Hodge bundles of weight on 
M. 



7.3.4. We sketch a more or less simple and conceptual proof of Proposition 7.1 
in the Appendix. However, in order to be able to study in Section |l^ the ana- 
lytic properties of our form al co nstructions, we will need an explicit contracting 



homotopy for the complex (7^), which we now introduce 

^tot ^ '-'tot 



The restriction of the derivation C : Bf„f BLf to the subbundle C 



Bo = i3?ot induces a Hodge bundle isomorphism 

C-.S'^Alc Al, c Bl 
Define a map atot ■ Al, ~* by 



(7.5) a-fot 




on Ai,Ai, cAi„„ 
on Al C Al,. 



The map atot ■ Al, preserves the Hodge bundle structures of weight on 

both sides. Moreover, its restriction to the subbundle A^ ^ A^ C Al, coincides 



with the canonical map cr : A^ — > S*^ introduced in 7.3.2 
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7.3.5. Unfortunately, unlike a : S^, the map atot ■ A^^j does not 

tot ~^ '-'tot "•'•■'^ "^"o-i Weil aiBcuio, ^fgf. 



admit an extension to a derivation Sj'^^ B^^f of the total Weil algebra B, 



We will extend it to a bundle map atot '■ ^'tot^ ~^ ^'tot ™ ^ somewhat roundabout 
way. To do this, define a map ai : A,^ ^ S*" C S° by 




on Ai C Aj and on (A^) C A^^^, 



on 



Hot- 



{KY'-cA 

and set a; = on 5^. By [7.1.7| we have 

Aj = A^'*' ® (A°'i ® wr) . 

The map ai : Aj —>■ vanishes on the second summand in this direct sum, and 
it equals C^^ : A^^" S^'~-^ C 5^ on the first summand. The restriction of the 
map (T; to the subbundle 

^1,0 ^ ^04 = = A^ c A} 

vanishes on A'^^^ and equals C^^ on A^''^. Thus it is equal to the Hodge type- 
(0, — f ) component a^-^^ : A^ ^ of the canonical map a : A^ S^. 



7.3.6. By 7.1.8 the algebra B'l is generated by the bundles and A^^, and the 



ideal of relations is generated by the subbundle 

(7.6) (AO'I) (g> A2 (W*) c A2 {Aj) . 

Since the map cr; : A;^ vanishes on A°'^ (g) C A[, it extends to an 

algebra derivation ai : Bj^^ Bj . The restriction of the derivation ai to the 
subalgebra B' = B'q C Bl^t coincides with the (0, — l)-component cr^'^^ of the 
derivation a : B'~^^ B' . 

Analogously, the (— 1, 0)-component ct^^'" of the derivation a : B'^^ B' 
extends to an algebra derivation ar : of the subalgebra C Bl^f 

By definition, the derivation ai preserves the decomposition Bj = Bu © S^, 
while the derivation ar preserves the decomposition Bj. = Bj^ ® Bj. Both these 
derivations vanish on K^^^, therefore both are maps of S°oj-modules. In addition, 
the compositions ai o ai and ar o ar vanish on generator and, therefore, vanish 
identically. 

7.3.7. Extend both cr; and ar to the whole Bj^t by setting 

(7.7) CT; = on ;S' ar ^0 on Bj , 

and let 

cTtot = ai+ar ■■ Bj'^t^ Bjof 

On Ajot C Bjot this is the same map as in ( [7.5[ ). The bundle map atot '■ Bj^t^ 
Bjot preserves the direct sum decomposition (7.3), and its restriction to Bj C 
Bjot coincides with the derivation a. Note that neither of the maps tr;, ar, 
atot is a derivation of the total Weil algebra Bj^f However, all these maps 
are linear with respect to the S^Q^-module structure on Bj^t and preserve the 
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decomposition (7.3). The map atot ■ B'^i^ B'^i is equal to ai on B'^ C Sj^j, 
to (Tr on B'„ and to ct : ^ B' on B' = B'^ C Bl^^. Since ct/ o u; — o cr^ = 
cr o cr = 0, we have crtot ° '^tot — 0. 
7.3.8. The commutator 

h = {C, atot] ■■ Bl^t Bl^t 

of the maps C and atot also preserves the decomposition (7.3), and we have the 
following. 

Lemma. The map h acts as multiplication by p on {B'n)^^, as multiplication 
by q on {B'.r)p ^ and as multiplication by {p + q) on {B'^)^ ^. 

Proof. It sufhces to prove the claim separately on each term in the decomposition 
(7.3). By definition atot = cr/ + ar, and h = hi + hr, where hi = {ai,C} and 
hr = {ar,C}. Moreover, hi vanishes on B'^^ and hr vanishes on B'^. Therefore 
it suffices to prove that hi — pid on (i?;')^ ^ and that hr = q\d on {B'r)^ ^. The 
proofs of these two identities are completely symmetrical, and we will only give 
a proof for hi. 

The algebra B'l is generated by the subbundles C B^ and A^^ C Bj. The 
augmentation bidegree decomposition of is by definition given by 

q1 _ ci _ c-1,1 

while the augmentation bidegree decomposition of Aj is given by 
(AO,„ = Ai.o (Ai)^^^ = A°.i^wr. 



By the definition of the map ai : A^^ — > S*^ (see 7.3.5 ) we have hi = {C, a;} = id 
on A^'" and 5*^'"^ and /i; = on A°'i (g) Wl and on S'"^'^ Therefore for every 
p,q> Owe have hi = p\d on the generator subbundles S'p ^ and on (A;^)^ ^. Since 
the map hi is a derivation and the augmentation bidegree is multiplicative, the 
same holds on the whole algebra Bi = © (Bl)^ „. □ 
Lemm a [7.3.S| shows that the map atot is a homotopy, contracting the sub- 
complex (^^jyin the total Weil algebra Bl^^^ which immediately implies Propo- 



sition 7.1 



Remark. In fact, in our classification of flat extended connections given in 
Section ^ it will be more convenient for us to use Lemma 7.3.8 directly rather 



than refer to Proposition 7.1 



7.3.9. We finish this section with the following corollary of Lemma 7.2.6 and 



Lemma 7.3.8, which we will need in Section [LO. 



Lemma. Let n = ±1. // the integer k > 1 is odd, then the map h : B't^t — > 
SjQj acts on (Kj^j)!^'' " by multiplication by k. If k ~ 2m > 1 is even, then 

the endomorphism h : (^B}gt)2' " ~^ ('^tot)^' " diagonalizable, and its only 
eigenvalues are m and m — 1. 
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Proof. If k is odd, then (Sj^J"' 
immediately implies the claim. 
Lemma 7.2.6 we have 



^ — " by Lemma 7.2.6| , and Lemma 7.3.8 

Assume that the integer k = 2m is even. By 



rrJk 



The bundle i3° is generated by subbundles S^'^^ and S^^'^. The first of these 
subbundles has augmentation bidegree (1,0), while the second one has augmen- 
tation bidegree (0,1). Therefore for every augmentation bidegree component 

q = n and p + q = k — 1. This implies that 

n)/2. 

By definition the augmentation bidegrees of the bundles A^^; and A^^ are, 
respectively, (0,1) and (1,0). Lemma 7.3.8| shows that the only eigenvalue of 



Bp:q " C Bf.'_^ we have p 
BlCi = with p = TO - (1 - 7i)/2 and q = m-{l 



the map h on [B],)^^^ is p = {ni — (1 — n)/2)), while its only eigenvalue on 
(B}.^^ is g = (to — (1 + n)/2). Since n = ±1, one of these numbers equals to 
and the other one equals to — 1. □ 



8. Classification of flat extended connections 
8.1. Kahlerian connections 

8.1.1. Let M be a complex manifold. In Section ^ we have shown that for- 
mal Hodge manifold structures on the tangent bundle TM are in one-to-one 
correspondence with linear flat extended connections on the manifold M (see 



5.4.1 - 6.4.6 for the definitions). It turns out that flat linear extended connec- 
tions on M are, in turn, in natural one-to-one correspondence with differential 
operators of a much simpler type, namely, connections on the cotangent bundle 



A^'^{M) satisfying certain vanishing conditions (Theorem 8.1). We call such 
connections Kahlerian. In this section we use the results of Section |^ establish 
the correspondence between extended connections on M and Kahlerian connec- 
tions on A^'°{M). 

8.1.2. We first give the definition of Kahlerian connections. Assume that the 
manifold M is equipped with a connection 

V : A^M) A\M) A^{M) 

on its cotangent bundle A^(M). Let 

T = Alt oV - dM : A\M) -> A^{M) 

i? = Alt V o V : A\M) ^ A^{M) ® A'^{M) 

be its torsion and curvature, and let R = R^''^ + R^'^ + R'^'^ be the decomposition 
of the curvature according to the Hodge type. 
Definition. The connection V is called Kahlerian if 

(i) T = 

(ii) i?^'" = ^ 
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Example. The Levi-Civita connection on a Kahler manifold is Kahlerian. 
Remark. The condition T = imphes, in particular, that the component 



70a 



of the connection V coincides with the Dolbeault differential. Therefore a Kah- 
lerian connection is always holomorphic. 

8.1.3. Recall that in 6.4.2 we have associated to any extended connection D on 
M a connection V on the cotangent bundle A^(M, C) called the reduction of D. 
We can now formulate the main result of this section. 



Theorem 8.1 (i) // an extended connection D on M is flat and linear, then 
its reduction V is Kahlerian. 

(ii) Every Kahlerian connection V on A^(M, C) is the reduction of a unique 
linear flat extended connection D on M . 



The rest of this section is taken up with the proof of Theorem 8.1. To make 



it more accessible, we first give an informal outline. The actual proof starts 
with Subsection |8.2| , and it is independent from the rest of this subsection. 
8.1.4. Assume given a Kahlerian connection V on the manifold M. To prove 
Theorem 8.1, we have to construct a flat linear extended connection D on M 
with reduction V. Every extended connection decomposes into a series D = 
J2k>o (|6.2|), and, since V is the reduction of D, we must have Di = V. 



We begin by checking in Lemma B.2.1 that if D is linear, then Dq — C, where 
C : 5i(M,C) Ai(M,C) is a s in ^.3.8| . The sum C + V is already a linear 
extended connection on M. By 6.4.5 it extends to a derivation D<i of the Weil 



algebra B' (M, C) of the manifold M, but this derivation does not necessarily 
satisfy Z?<i o D<i = 0, thus the extended connection Z?<i is not necessarily flat. 

We have to show that one can add the "correction terms" D k, k > 2 to 
£><! so that D = J2k-^k satisfies all the conditions of Theorem 8J. To do 



this, we introduce in |8.3.3| a certain quotient B'{M,C) of the Weil algebra 
B' (M, C), called the reduced Weil algebra. The reduced Weil algebra ia defined 
in such a way that for every extended connection D the associated derivation 
D : B'{M,C) — > K'+^(Af, C) preserves the kernel of the surjection B' B' , 
thus inducing a derivation D : B'{M,C) B'~^^{M,C). Moreover, the algebra 
B' {M,C) has the following two properties: 



(i) The derivation D : B'{M,C) B'+^{M,C) satisfies D- 
only if the connection Di is Kahlerian. 



£> = if and 



(ii) Let D be the weakly Hodge derivation of the quotient algebra B' (M, C) 
induced by an arbitrary linear extended connection D<i and such that 
D o D = 0. Then the derivation D lifts uniquely to a weakly Hodge 
derivation D of the Weil algebra B' (M, C) such that D o D — 0, and 
the derivation also D comes from a linear extended connection on M (see 
Proposition 8.1 for a precise formulation of this statement). 
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8.1.5. The property |(i)| i s relatively easy to check, and we do it in the end of the 
proof, in Subsection |8.4 The rest is taken up with establishing the property 

M 



The actual proof of this statement is contained in Proposition 



.1 



and 



Subsection B.2 contains the necessary preliminaries. 



Recall that we have introduced in 7.2.2 a new grading on the Weil algebra 
B'{M,C), called the augmentation grading, so that the component Dk in the 
decomposition D = J2k is of augmentation degree k. In order to lift D 
to a derivation D so that D o D — 0, we begin with the given lifting D<i 
and then add components Dk,k > 2, one by one, so that on each step for 
D<k — D<i + J22<p<k ^^'^ composition D<k o D<k is zero in augmentation 
degrees from to fc. In order to do it, we must find for each k a solution to the 
equation 



(8.1) 



where Rk is the component of augmentation degree k in the composition D<k-i° 
D<k-i- This solution must be weakly Hodge, and the extended connection 
D<ck = D<ck-i + Dk mus t be l inear. 

We prove in Lemma B.2.1 that since D<q is linear, we may assume that 
Dq = C. In addition, since D o D = 0, we may assume by induction that the 
image of Rk lies in the kernel T' of the quotient map B' (M, C) B' (M, C). 
8.1.6. In order to analyze weakly Hodge maps from S^{M,C) to the Weil al- 
gebra B'(MX ), we apply the functor T : WHodgcyoiM) WHodgegiM) 



:Y_we 
. ^.1.4 



constructed in ^.1.4 to the bundle B' (M, C) to obtain the total Weil algebra 
B't^tiM, C) = T{B' (M, C)) of weight 0, which we studied in Subsection ^J. The 
Hodge bundle S^{M, C) on the manifold M is of weight 0, and, by the univer- 
sal property of the functor F, weakly Hodge maps from S^{M, C) to B' {M, C) 
are in one-to-one correspondence with Hodge bundle maps from S^{M,C) to 
the total Weil algebra Bl„t{M, C). The canonical map C : S^{,C) ^ B\M, C) 
extends to a derivation C : Blg^{M,'C) Bl^^^{M,<C). Moreover, the weakly 



Rk 



Hodge map 
die map Dk : S'^{M,C) 
(8.2) 



S\M, C) 

and solving 



B^(M,C) defines a Hodge bundle map : 
is equivalent to finding a Hodge bun- 



.1 



Bl^t{M,C) such that 



CoDk 



-Rk- 



8.1.7. Recall that by 7.3.2 the derivation 

C:BUM,C)-^B:+\M,C) 

satisfies C o C = 0, so that the total Weil algebra Blgf{M,C) becomes a com- 
plex with differential C. The crucial part of the proof of Theorem ^.1| consists 
in noticing that the subcomplex liotiM, C) = T(I' (M, C)) C Bl„t{M, C) of the 
total Weil algebra B[^t{M, C) corresponding to the kernel I' (M, C) C B' (M, C) 
of the quotient map B' {M, C) B' {M, C) is canonically contractible. This 
statement is analogous to Proposition 7.1, and we prove it in the same way. 
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Namely, we check that the subcomplex X^^^ C B'^^^ is preserved by the bun- 



dle map atot ■ Bf^i^ — > Bl^f constructed in [7.3.7 , and that the anticommuta- 
tor h = {at,t,C} : e;„,(M,C) ' - - - 



i;^t{M,C) C Bl^t{M,C) (Corollary 8.3.4 of Lemma 7.3 



C o Rl°^ 



(8.3) 



(Af, C) is invertible on the subcomplex 
We also check that 



0, which implies that the Hodge bundle map 



Dk = -h 



provides a solution to the equatio n (|8.2D . 

8.1.8. To establish the property (ii), we have to insure additionally that the 
extended conne ctio n D = D<ck is linear, and and we have to show that the 
solution Dk of (8^) with this proper ty is unique. This turns out to be pretty 
straightforward. We show in Lemma ^.2.1 that D<fe is linear if and only if 



CTtot ° Dk 



Moreover, we show that the homotopy Cfot : Bl^^^{M, C) Bl^i{M, C) satisfies 
atot o CTtot — 0. Therefore the solution Dk to ( ^.2[ ) given by ( ^.3[ ) satisfies (3.4) 
automatically. 

The uniqueness of such a solution Dk follows from the invertibility oi h = 
Coatot-\-atot°C. Indeed, for every two solutions Dk, D'^ to (^), both satisfying 
(^^), their difference P = Dk — D'^. satisfies C o P — Q. If, in addition, both 
Dk and I?^ were to satisfy 



4), we would have had utot o P — 0. Therefore 



ho P = Q, and P has to vanish. 

8.1.9. These are the main ideas of the proof of Theorem The proof itself 
begins in the next subsection, and it is organized as follows. In Subsection ^.2| 
we express the linearity condition on an extended connection D in terms of the 



associated derivation Dt 



B 



B't^t^ of the total Weil algebra Bl^t of the 



c 



rnanifold M. After that, we introduce in Subsection P . 3| the re duce d Weil algebra 
B' {M, C) and prove Proposition iA , thus reducing Theorem to a statement 
about derivations of the reduced Weil algebra. Finally, in Subsection 8^ we 
prove this statement. 

Remark. In the Appendix we give, following Deligne and Simpson, a more 
geomteric description of the functor F : WHodge^Q WHodge and of the total 
Weil algebra Bl^f.{M,C), which allows to give a simpler and more conceptual 



proof for the key parts of Theorem 8.1 



8.2. Linearity and the total Weil algebra 



8.2.1. Assume given an extended connection D : B^ on the m anifold Af , 

and extend it to a derivation D : B' ^ B'^^ of the Weil algebra as in 6.4.5. Let 
D — X]fc>o ^® augmentation degree decomposition. The derivation D is 



l-'tot 



weakly Hodge and defines therefore a derivation D = X]fc>o ■ ^'tc 
of the total Weil algebra B'^^^. 

Before we begin the proof of Theorem B.l, we give the following rewriting of 
the linearity condition 6.4.4 on the extended connection D in terms of the total 
Weil algebra. 
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Lemma. The extended connection D is linear if and only if Dq = C and Uto 
Dk = on (Z Bfgf for every k > 0. 



Proof. Indeed, by Lemma 7.2.6 for odd integers k and n = ±1 the subbundle 



('^o)"+i" <^ ^tot vanishes. Therefore the map Dk : 3}^^ factors through 



Bl^. Since by definition ( 7.3.7 ) we have dtot = on both B}i and B}.^, 



Bh 

for odd k we have atot ° Dk = on S*^ regardless of the extended connection 
D. On the other hand, for even k we have (Stot)fc+i" ~ ('^0)^+1"- Therefore 
on we have atot ° Dk = 0-0 Dk (where a : B''^^ B' is as in 7.3.2|) . 
Moreover, since tr : — s- 5*^ is an isomorphism, ZJq = C is equivalent to 
(joDq = id : S"^ — > 5^. Therefore the condition of the lemma is equivalent 

to the following 



(8.5) 



a o Dk 



for /c = 

for even integers fc > 0. 



Let now l* : B' B' be the operator given by the action of the canonical 
involution t : TM ~* TM, as in |6.3.6i and let D' = Y.k>o D'^ ^ l* o D o (t*)-i 
be the operator /,*-conjugate to the derivation D. The operator l* acts as —id 
on C B^ and as id on K"^ <Z B^. Since it is an algebra automorphism, it acts 
as (-1)*+'= on Bl^B' . Therefore D% = {-if+^Dk, and (|^) is equivalent to 



which is precisely the definition of a linear extended connection. 



□ 



8.3. The reduced Weil algebra 

8.3.1. We now begin the proof of Theorem ^.\\ Our first step is to reduce the 
classification of linear flat extended connections D : B^ oti the manifold 
M to the study of derivations of a certain quotient B' of the Weil algebra B' . 
We introduce this quotient in this subsection under the name of reduced Weil 
algebra. We then show that every extended connection D on M induces a 
derivation D : B' ^ B'^^ of the reduced Weil algebra, and that a linear flat 
extended connectio n D o n M is completely defined by the derivation D. 

8.3.2. By Lemma 7.3.8 the anticommutator h = {C,atot} ■ Bl^t Bl^t of 



the canonical bundle endomorphisms C, atot of the total Weil algebra Btot is 
invertible on every component {Bl^i)^ ^ of augmentation bidegree (p, q) with 

The direct sum 0p,g>i {B't^t)pq is an ideal in the total Weil algebra B't^t^ 
and it is obtained by applying the functor F to the ideal ®p^q>iB'p ^ in the Weil 



algebra B' . For technical reasons, 
the smaller subbundle 



it will be more convenient for us to consider 



p>2,q>l 



e 

p>l,g>2 



s;, c B- 
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of the Weil algebra B' . The subbundle X' is a Hodge subbundle in B' , and it 
is an ideal with respect to the multiplication in B' . 

8.3.3. Definition. The reduced Weil algebra B' = B'{M,C) of the manifold 
M is the quotient 

B' =B'/r 

of the full Weil algebra B' by the ideal T' . 
The reduced Weil algebra decomposes as 

B —Bii®^^BpQ(B^^BQg 

p>0 q>a 

with respect to the augmentation bigrading on the Weil algebra B' . The two 
summands on the right are equal to 

p>0 pgeqO 
g>0 qgGqO 

8.3.4. Since T' is a Hodge subbundle, the reduced Weil algebra carries a canoni- 
cal Hodge bundle structure compatible with the multiplication. It also obviously 
inherits the augmentation bigrading, and defines an ideal Xj^j — T{T') C B^^^ 



in the total Weil algebra Bl^^. Lemma 7.3.8 immediately implies the following 
fact. 

Corollary. The 

8.3.5. Let now D : B' ^ B' he the derivation associated to the extended 



connection D as in |6.4.5| . The derivation D does not increase the augmentation 
bidegree, it preserves the ideal I' C B' and defines therefore a weakly Hodge 
derivation of the reduced Weil algebra B' , which we denote by D. If the extended 
connection D is flat, then the derivation D satisfles D o D = Q. 

We now prove that every derivation D : B' ^ B'^^ of this type comes from 
a linear flat extended connection D, and that the connection D is completely 
defined by D. More precisely, we have the following. 

Proposition 8.1 Let D : ^ B^ be a linear but not necessarily flat extended 
connection on M , and let D : B' B'^^ be the associated weakly Hodge deriva- 
tion of the reduced Weil algebra B' . Assume that D o D ^ 0. 

There exists a unique weakly Hodge bundle map P : such that the 

extended connection D' = D + P : —> B^ is linear and flat. 

8.3.6. Proof. Assume given a linear extended connection D satisfying the condi- 



tion of Proposition 8A . To prove the proposition, we have to construct a weakly 
Hodge map P : ^ such that the extended connection _D + P is linear and 
flat. We do it by induction on the augmentation degree, that is, we construct 
one-by-one the terms P^ in the augmentation degree decomposition P — Pfc. 
The identity D o D = is the base of the induction, and the induction step is 

=2 



given by applying the following lemma to I? + X]i=2 -^k, for each fc > 1 in turn. 
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Lemma. Assume given a linear extended connection D : ^ B'~^^ on M and 
let D : B' —> B'^^ also denote the associated derivation. Assume also that the 
composition D o D : B' — > maps into I^j, = ®p>k1p- 

There exists a unique weakly Hodge bundle map Pk : ^ ^l+i sttc/i that 
the extended connection D' = D + P^ : —> B^ is linear, and for the associated 
derivation D' : B' ^ B'^^ the composition D' o D' maps into I^^^i = 

Proof. Let D : B'^^i B'^^^ be the derivation of the total Weil algebra associated 
to the extended connection D, and let 



R:{Bl,).^{B[tt^). 



+k 



be the component of augmentation degree k of the composition D o D : 
Bl^t. Note that by |6.4.5 the map R vanishes on the subbundle Aj^j C (S^ot) • 



Moreover, the composition CoR : Bl^^ B'^^ of the map R with the canonical 
derivation C : Sj^^ — > Sj'^^ vanishes on the subbundle 5^ C B^^f. Indeed, 
since C maps into A^^j, the composition C o R is equal to the commutator 
[C,R] : ^tof Since the extended connection D is by assumption linear, 

we have Dq = C, and 

CoR=[C,R]= J2 [C,DpoDk-p] = 
a<p<k 

= [C,{C,Dk}]+ [C,DpoDk-p]. 

i<p<fc-i 

Since C o C = 0, the first term in the right hand side vanishes. Let 8 = 
12i<p<k-i '■ ^'tot ~^ ^'tot^- Then the second term is the component of aug- 
mentation degree k in the commutator [C,Q o Q] : B^^^. By assumption 
{D, D} = in augmentation degrees < k. Therefore we have {C, 9} = —{6, ©} 
in augmentation degrees < k. Since Q increases the augmentation degree, this 
implies that in augmentation degree k 

[c, e o 9] = {c, 6} o e - e o {c, e} = [e, {e, e}], 

which vanishes tautologically. 

The set of all weakly Hodge maps P : ^ ll coincides with the set of all 
maps P : ^ (^t^ot)fc preserving the Hodge bundle structures. Let P be such 
a map, and let D' : Bl^^ ^'tot^ be the derivation associated to the extended 
connection D' = D + P. 



Since the extended connection D is by assumption linear, by Lemma S.2.1 
the extended connection D' is linear if and only if atot o P = 0. Moreover, 
since the augmentation degree-0 component of the derivation D equals C, the 
augmentation degree-fc component Q : ^ Sj^j in the composition D' o D' is 
equal to 

Q = R + {C, {D' -D)}. 
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By definition D' — D : 3]^^ ^'tot^ equals P on C S^qj and vanishes on 
^tot C Bl^t- Since C maps into Aj^j C ^B^t, we have Q = R + C o P. Thus, 
a map P satisfies the condition of the lemma if and only if 

iCoP=-R 
[atotoP^O 

To prove that such a map P is unique, note that these equations imply 

ho P = {(Ttot O C + C O atot) O P = CFtot o R, 



and h is invertible by Corollary 8.3.4 . To prove that such a map P exists, define 
P by 

P=-h-^ oatotoR:S^ 

The map h = {C,atot\ and its inverse commute with C and with atot- 
Since atot ° <^tot = C o CO, we have atot ° P = h^^ ° atot ° o-tot o R = 0. On the 
other hand, C o R = 0. Therefore 

C o P = o h^^ o ac o R = —h^^ o C o atot o R = 



h ^ o atot o C o R — h ^ o ho R = —R. 



This finishes the proof of the lemma and of Proposition 3.1 
8.4. Reduction of extended connections 



□ 



8.4.1. We now complete the proof of Theorem S.l. First we will need to identify 
explicitly the low Hodge bidegree components of the reduced Weil algebra B' . 
The following is easily checked by direct inspection. 

Lemma. We have 

^2,-1 ^ ^1,0 ^ ^04 ^ g-1,2 = © {S^ (g) A^) c 

^3,-2 ^ g2,-l ^ ^1,1 ^ ^-1,2 ^ g-2,3 ^ 



0,2\ 



A^ c 6^ 



8.4.2. Let now V : (E) he an arbitrary real connection on the bundle 

S^. The operator 

D = C + W : ^ ® {A^ (E) S^) C B^ 

is then automatically weakly Hodge and defines therefore an extended connec- 
tion on M. This connection is linear by Lemma B.2.1. Extend Z? to a derivation 
D : B' ^ B'^^ as in 6.4.5, and let D : B' ^ B'^^ be the associated derivation 



of the reduced Weil algebra. 

Lemma. The derivation D satisfies D o D = Q if and only if the connection V 
is Kdhlerian. 
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Proof. Indeed, the operator D o D is weakly Hodge, hence factors through a 
bundle map 

= {S^ -^ (E> A2'0) © <E> © a2 c 

By definition we have 

5 o 5 = (C + V) o (C + V) = {C, V} + {V, V}. 

An easy inspection shows that the sum is direct, and the first sunimand equals 

{C,V} = ToC : 5^ ^ A^, 

where T is the torsion of the connection V, while the second summand equals 

{V, V} = © : ^1-1 © S-^'^ ^ (^I'-i A^'°) © ^ A"'2) , 

where i?^^", i?"'^ are the Hodge type components of the curvature of the con- 
nection V. Hence D o D — ii and only if = i?"'^ = T = 0, which proves 



the lemma and finishes the proof of Theorem B.l. □ 



8.4.3. We finish this section with the following corollary of Theorem 8.1 which 
gives an explicit expression for the augmentation degree-2 component D2 of 
a flat linear extended connection D on the manifold M. We will need this 
expression in Section |p. 

Corollary. Let D = X]a:>o ■ ^ B^ be a flat linear extended connection 
on M , so that Dq = C and Di is a Kdhlerian connection on M . We have 

D2 = ^<Jo 



where a : B'^^ B' is the canonical derivation introduced in 6.3.7, and R = 
DioDi : S^(^A^'^ C B^ is the curvature of the Kdhlerian connection Di. 

Proof. Extend the connection D to a, derivation Dc = X]fc>o -^fe°* ■ ^tot ~^ ^'tot^ 



of the total Weil algebra. By the construction used in the proof of Lemma |8.3.6 



we have D^"* — k ^ o atot ° Rtot ■ — > ('Bf^ot)-i' where h : B'f^i Bl^^ is as in 



Lemma 7.3.8, the map atot '■ Bl^t^ — s- Bl^^ is the canonical map constructed in 
7.3. 7| , and R*°* : {B'^ot)^ is the square Rtot = D\°^ o D{°^ of the derivation 

D^i*^ : B't^t ~^ ^'tot^ ■ By Lemma 7.3.9| the map h acts on (Blgt)^ by multiplication 
by 3. Moreover, it is easy to check that 

(bL)3 = {S' ® A2) © (5-1^1 (g> A^'°) © (g> A"'2) , 

and the map : 5^ — > (^Bf^t)^ sends into the first summand in this 

decomposition and coincides with the curvature R : ^ A"^ C (Bfgt)^ of 
the Kahlerian connection Di . Therefore atot ° — a o R, which proves the 
claim. □ 
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9. Metrics 

9.1. Hyperkahler metrics on Hodge manifolds 

9.1.1. Let M be a complex manifold equipped with a Kahlerian connection 
V, and consider the associated linear formal Hodge manifold structure on the 
tangent bundle TM . In this section we construct a natural bijection between the 
set of all polarizations on the Hodge manifold TM in the sense of Subsection ^.3| 
and the set of all Kahler metrics on M compatible with the given connection 
V. _ 

9.1.2. Let hhe a. hyperkahler metric on TM , or, more generally, a formal germ 
of such a metric in the neighborhood of the zero section M C TM . Assume 
that the metric h is compatible with the given hypercomplex structure and 



Hermitian-Hodge in the sense of 1.5.2, and let w/ be the Kahler form associated 
to h in the preferred complex structure TM i on TM. 

Let /iM be the restriction of the metric h to the zero section M C TM, 
and let w £ C°°(M, A^'^(M)) be the associated real (1, l)-form on the complex 
manifold AI . Since the embedding M C TMj is holomorphic, the form oj is the 
restriction onto M of the form uji. In particular, it is closed, and the metric Km 
is therefore Kahler. 

9.1.3. The main result of this section is the following. 

Theorem 9.1 Restriction onto the zero section M C TAI defines a one-to-one 
correspondence between 

(i) Kahler metrics on M compatible with the Kahlerian connection V, and 

(ii) formal germs in the neighborhood on M C TM of Hermitian-Hodge hy- 
perkahler metrics on TM compatible with the given formal Hodge manifold 
structure. 

The rest of this section is devoted to the proof of this theorem. 

9.1.4. In order to prove Theore m |9.1|, w e reformulate it in terms of polarizations 



rather than metrics. Recall (see 3.3.3) that a polarization of the formal Hodge 
manifold TM is by definition a (2^)-form Vt e C^j{TM,A^^"{TMj)) for the 
complementary complex structure TM j which is holomorphic, real and of H- 
type (1, 1) with respect to the canonical Hodge bundle structure on A'^''^{TAI j), 
and satisfies a cert ain po sitivity condition (|3.3|). 

9.1.5. By Lemma [3.3.4 Hermitian-Hodge hyperkahler metrics on TM are in 



one-to-one correspondence with polarizations. Let h he a, metric on M, and 
let ui and w be the Kahler forms for h on TMj and on M C TMj. The 
corresponding polarization n £ {TM , A'^'°{TM j)) satisfies by (|l|) 

(9.1) iui^^{n + I'in)) e a2(tm, c), 



where v : A^{TM, C) — > A^{TM, C) is the usual complex conjugation. 
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9.1.6. Let p : TM — ^ M be the natural projection, and let 

Res : p,A''°(TA/j) ^ A'(Af, C) 

be the map given by the restriction onto the zero section M C TAI. Both 
bundles are naturally Hodge bundles of the same weight on M in the sense of 
2.1.2| , and the bundle map Res preserves the Hodge bundle structures. Since 



n is of H-type (1, 1), the form Res n G C°°{M, K\M, C)) is real and of Hodge 



type (1,1). By (|9j 



ResVL = i (Res r2 + Res f}) = + 

'\lCTM 



Therefore to prove Theorem 9.1, it suffices to prove the following. 



• For every polarization Q. of the formal Hodge manifold TM the restriction 
ljj — Resfi S C°°(A^'^(M)) is compatible with the connection V, that is, 
Vw ~ 0. Vice versa, every real positive (1, l)-form uj g C°°(A^'-'^(M)) sat- 
isfying Vcj — extends to a polarization Vl of TM , and such an extension 
is unique. 

This is what we will actually prove. 
9.2. Preliminaries 

9.2.1. We begin with introducing a convenient model for the holomorphic 
de Rham algebra A''°(TMj) of the complex manifold TM j, which would 
be independent of the Hodge manifold structure on TM . To construct such 
a model , co nsider the relative de Rham complex A'{TM/M,C) of TM over 
M (see |5.2| for a reminder of its definition and main properties). Let tt : 
A' (TM, C) A' (TM/M, C) be the canonical projection. Recall that the bun- 
dle K^{TM /M, C) of relative j-forms on TM over M carries a natural structure 



of a Hodge bundle of weight i. Moreover, we have introduced in (5.5) a Hodge 
bundle isomorphism 

7/ : p*K'{M,C) A'{TM/M,C) 

between A^{TM /M, C) and the puUback p*A' {M, C) of the bundle of C- valued 
i-forms on M . 

Lemma. (i) The projection tt induces an algebra isomorphism 

TT : A''°{TMj) A'(TM/M,C) 
compatible with the natural Hodge bundle structures. 
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(ii) Let a e C^i(TM,A'-'°{TMj)) be a smooth {i,0)-form on TMj, and con- 
sider the smooth i-form 

(3 = r;-V(a) e Cf,{TM,k\TMX)) 

on TM . The forms a and (3 have the same restriction to the zero section 
M C TM. 

Proof. Since r], tt and the restriction map are compatible with the algebra struc- 
ture on A* (M, C) , it suffices to prove both claims for ( Af , C) . For every bundle 
£ on TM denote by £\mctm ^^'^ restriction of £ to the zero section M C TM. 
Consider the bundle map 

X = ry o Res : Ai-0(TAf A\M,C) ^ A\TM /M,C)\,,^^j,i. 

The second claim of the lemma is then equivalent to the identity x = tt. More- 
over, note that the contraction with the canonical vector field ip on TM defines 
an injective map ^ : C°^{M, A^{TM /M,C)\m) C°°{TM,C). Therefore it 
sufRces to prove that o x = ii^ o tt. 

Every smooth section s of the bundle A^'''\TM j)\j^^^Tpj^^j is of the form 

s {p*a + V^jp*a)|j^^^j.j^^, 

where a € (M, A\M,C)) is a smooth 1-form on M, and j : A^{TM,C) ^ 
A^{TM, C) is the map induced by the quaternionic structure on TM. For such 
a section s we have Res(s) = a, and by ( 5.2.8 ) iip{x{s)) = V—^T{a), where 
T : C °°(Af,Ai(Af,C)) ^ C°°(rM,C) is the tautological map introduced in 
4.3.2. On the other hand, since tt o p* = 0, we have 

V(7r(s)) = i^{TT{y/^jp*a)) = i^{V^jp*a). 

Since the Hodge manifold structure on TM is linear, this equals 

ivi'^is)) = \^i^{j{p*a)) = v^T{a) = x(s), 

which proves the second claim of the lemma. Moreover, it shows that the 
restriction of the m ap tt t o the zero section M C TM is an isomorphism. As in 
the proof of Lemma 5.1.9| , this implies that the map tt is an isomorphism on the 
whole TM, wh ich pr oves the first claim and finishes the proof of the lemma. □ 
9.2.2. Lemma 9.2.1 (i) allows to define the bundle isomorphism 

TT-^oTj: p*A'(M,C) -> A'{TM/M,C) A''°{TMj), 

between p*A'(Af,C) and A''°{TMj), and it induces an isomorphism 

p,(r/o7r-i) : p.,p*A'{M,C) ^ p,A"'°(TAfj) 

between the direct images of these bundles under the canonical projection p : 
TM M. 
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On the other hand, by adjunction we have the canonical embedding 

A'(M,C) ^ p,p*A'{M,C), 

and by the projection formula it extends to an isomorphism 

p^p*A'{M, C) = A'(M, C)(g)B°, 

where B° = p*A°(TM,C) is the 0-th component of the Weil algebra B' of M. 
All these isomorphisms are compatible with the Hodge bundle structures and 
with the multiplication. 

9.2.3. It will be convenient to denote the image p*(?7 o tt^^) (A* (A/, C)) C 
p,A''°(TMj) by L'{M,C) or, to simplify the notation, by L' . (The algebra 
L' {M, C) is, of course, canonically isomorphic to A'(M, C).) We then have the 
identification 

(9.2) L' ^B°^ p^p*A'{M,C) = p,A"'°(TMj). 

This identification is independent of the Hodge manifold structure on TAI. 
Moreover, by Lemma 9.2.1 (ii) the restriction map Res : p^K' '^{TM j) 
A' (M, C) is identified under ( |9.2[ ) with the canonical projection L' ® B^ — *■ 
L' (^B^Q^L'. 



B y L emma 5.1.9 we also have the identification Pf,hP'' {TM j) = B' . There- 
fore (9^) extends to an algebra isomorphism 

(9.3) p^k''(TM.j) = p,A'{TM/M,C)(E)A'{M,C) ^ L' ® B' . 

This isomorphism is also compatible with the Hodge bundle structures on both 
sides. 



9.3. The Dolbeault differential on TMj 

9.3.1. Our next goal is to express the Dolbeault differential dj of the complex 
manifold TM j in terms of the model for the de Rham complex A*'* (TMj) given 
by (|9.3|). For every fc > denote by 

D:L^®B' -^L''(E)B'+\ 

the differential operator induced by Bj : A'''(TMj) A' '' '^^ {T M j) under 
(^?^). The operator D is weakly Hodge. It satisfies the Leibnitz rule with 
respect to the algebra structure on L' ® B' , and we have D o D = 0. By 
definition for fc = it coincides with the derivation D : B' ^ B''^^ defined by 
the Hodge manifold structure on TM. For fc > the complex {L'^ ^B' ,D) is a 
free differential graded module over the Weil algebra {B' ,D). 

9.3.2. The relative de Rham differential (see Subsection ^.2[ ) induces under 
the isomorphism ( |9.3[ ) an algebra derivation 

d"^ : L' ® B' ^ L'+^ (E) B' . 

The derivation d'' also is weakly Hodge, and we have the following. 
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Lemma. The derivations D and d^ commute, that is, 

{D, rf'-} = : i' ® 6' ^ i'+i ® B'+\ 

Proof. The operator {D, d^} satisfies the Leibnitz rule, so it suffices to prove 
that it vanishes on and (8) 6"- Moreover, the ;B"-modules and 

(E) B^ are generated, respectively, by local sections of the form Df and d'"/, 
/ e B^ . Since {D^d^} commutes with D and d^ , it suffices to prove that it 
vanishes on B'^ . Finally, {£>, d^} is continuous in the adic topology on S". Since 
the subspace 

{/5l/,5eS",i?/ = d'^g = 0}c6° 

is dense in this topology, it suffices to prove that for a local section f £ B'^ we 
have {D, d''}f = if either dV = of £>/ = 0. 

It is easy to see that for every local section a G B' we have d' a = if 
and only ii a E Bq is of augmentation degree 0. By definition the derivation D 
preserves the component Bq C B' of augmentation degree in Therefore 
d^f — implies d^Df — and consequently {D, (f}/ — 0. This handles the 
case d^f = 0. To finish the proof, assume given a local section f E B'^ such 
that Df = 0. Such a section by definition comes from a germ at M C TM of a 
holomorphic function / on TMj. Since / is holomorphic, we have djf = and 
df = djf. Therefore d^ 7r(d/) = 7T{djf), and 

Dd'-f = AdjdjJ) = ~T:{djdjf) = 0, 

which, again, implies {D, dT}f — 0. □ 

9.3.3. Let now = Di : ^ ® h} he the reduction of the extended con- 
nection D. It induces a connection on the bundle = S*^, and this connection 
extends by the Leibnitz rule to a connection on the exterior algebra L' of the 
bundle L^, which we will also denote by V. 

Denote by i? = V o V . L' ^ L' ® the curvature of the connection V. 
Since V o V = i{V, V}, the operator R also satisfies the Leibnitz rule with 
respect to the multiplication in L' . 

9.3.4. Introduce the augmentation grading on the bundle L' (g) B' by setting 
degi' = 0. The derivation D : L' ®B' —t L' ®B'^^ obviously does not increase 
the augmentation degree, and we have the decomposition D = X]fe>o^fc- 
the other hand, the derivation d^ preserves the augmentation degree. Therefore 



Lemma 9.3.2 implies that for every k > Q we have {Dk^dT} — 0. This in turn 
implies that Dq = on for p > 0, and therefore Dq = \A ® C : V ® B' — > 
L'P ® B''^^. Moreover, this allows to identify explicitly the components Di and 
D2 of the derivation D : L' L' ^ B^. Namely, we have the following. 

Lemma. We have 

Di=\7 : L' ^ L' ®Bl= L' 



D2^\aoR:L'^L'®Bl 



2; 



where cr = id (g) cr : L' (g) B'^^ L' ® B' is as in 7.3.2 
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Proof. Since both sides of these identities satisfy the Leibnitz rule with respect 
to the multiplication in L' , it suffices to prove them for L^. But (T : B'^ ^ 
(g) B° restricted to C becomes an isomorphism (F : L^. Since 

{Di,(r} — {D2,d^} — 0, it suffices to prove the identities with replaced 
with S^. The first one then becomes the definition of V, and the second one is 
Corollary |X|. □ 



9.4. The proof of Theorem pA 



following corollary of Lemma 9.3.4 



9.4.1. We can now prove Theorem 9.1 in the form 9.1.6. We begin with the 



Corollary. Let X' C B' be the ideal introduced in 8.3.3. An arbitrary smooth 
section a G C°°{M, L') satisfies 



(9.4) 



Da e C°°{M,L' C C°°(M,L' 0^1) 



if and only if Va — 0. 



Proof. Again, both the identity (9^) and the equality Va are compatible with 
the Leibnitz rule with respect to the multiplication in a. Therefore it suffices 
to prove that th ey a re equivalent for every a L^. By definition of the i deal 
I' the equality (9^) holds if and only if Dia — — 0. By Lemma 9.3.4 this 
is equivalent to Va = tr o R{a) = 0. But since i? = V o V, Va = implies 
a o R[a) = 0, which proves the claim. □ 
9.4.2. Let now Q_e C°°{M, p-^A'^^°{TM j) ^ L'^ (g> B" he a, polarization of the 
Hodge manifold TMj, so that is of Hodge type (1, 1) and Dft = 0. Let 
u = Resfl g C°°{M,A^-^^{M,C)) be its restriction, and let ^ = J2k>o be its 
augmentation de gree d ecomposition. 

As noted in ^.2.3| , the restriction map Res 



p.A-^0(rAf„ 



-> A'(M,C) 

is identified under the isomorphism (9.3) with the projection C B*^ ~* L' 
onto the component of augmentation degree 0. Therefore uj = ^Iq. Since the 
augmentation degree-1 component (_L^ (g) = an d D il — 0, we have 

Vw = DiD,o = 0, which proves the first claim of Theorem |9.l[ . 
9.4.3. To prove the second claim of the theorem, let cj be a Kahler form on M 
compatible with the connection V, so that Vw — 0. We have to show that there 
exists a unique section ~ J2k>o ^ (-^' L'^^^'^) which is of Hodge type 
(1,1) and satisfies Dft = and = cu. As in the proof of Theorem we 
will use induction on k. Since Q is of Hodge type (1, 1), we must have fli = 0, 
and by Corollary |9Zl| we have ^(r^o + f^i) e C°°(M, (^X^), which gives the 
base of our induction. The induction step is given by applying the following 



ilk for each fc > 1 in turn. 



proposition to J2o>p>k "fc 

Proposition 9.1 Assume given integers p,q,k;p,q > 0, fc > 1 and assume 
given a section a £ C°°(M, Lp+i (g) B°) of Hodge type (p, q) such that 

DaeC°°{M,LP+''^llk), 
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where X- 



>k 



^m>k1'm- Then there exists a unique section (3 € C°°{M,L^^'^ < 
Bk) of the same Hodge type {p,q) and such that D{a + /?) G C'°°{M,LP+'^ > 

^>k+l)- 



Proof. Let Bl^f be the total Weil algebra introduced in 7.2.4, and consider the 



free module Lp+' (g) Bl^^ over Bl^^ generated by the Hodge bundle 27^+"^. This 



module carries a canonical Hodge bundle structure of weight p 
the maps C : Bl^^ ^tot^: (^tot : Bl^^ introduced in 7.3.3 and 7.3.7 

let C ^\d®C, atot = \d (E) Otot ■ L^+i ® Btot - 
endomorphisms of the free module LP+' (g) Bl^^ 



Consider 
and 



L^'^'^ (g) Btot be the associated 



The maps C and atot preserve the Hodge bundle structure. The commutator 



h — {C,atot} '■ Bl^i Sjgj is invertible on Jl^^ C Bl^i by Corollary 8.3.4 and 



acts as fcid on B^ c B'_ 



Therefore the endomorphism 



\A®h = {C, atot} ■■ LP+'i ® Bit LP+t ® B^ 



is invertible on i^+'J (g) Il^t and acts as fcid on ( 



Since the derivation D 
induces a map 1)*°* : L^+'J w LJtot 
only if the same holds for 1)*°* 



b: 



^ B' ^ (g S'+i is weakly Hodge, it 

(g B't^t\ and Da S LP+i (g X^ ^ if and 



a. To prove uniqueness, note that Dq = C is 
injective on ^ ^k- there are two sections /9, P' satisfying the conditions 
of the proposition, then Do{f3 — (3') — 0, hence (3 = f3' . 

To prove existence, let 7 = {D*°*a)k be the component of the section D*^°^a 
of augmentation degree k. Since o _D*°* — 0, we have C7 — D}f^^ = and 
C o atot'y = h^. Let [3 = crtot{l)- The section (3 is of Hodge type (p, q) and 
of augmentation degree k. Moreover, it satisfies 



Dl°^l3 = C(3 : 



~Ch-^<Jtot{l) 



-h ^ oC o atot"/ 



-7- 



Therefore Dtot{ct + (3) is indeed a section of L^+'^g) (/(Q()>fc_|.i, which proves the 



proposition and finishes the proof of Theorem 9.1 



□ 



9.5. The cotangent bundle 



9.5.1. For every Kahler manifold M Theorem 9.1 provides a canonical formal 
hyperkahler structure on the total space TM of the complex-conjugate to the 
tangent bundle to M. In particular, we have a closed holomorphic 2-form 0/ 
for the preferred complex structure TMj on M. 

Let T*M be the total space to the cotangent bundle to M equipped with 
the canonical holomorphic symplectic form il. To obtain a hyperkahler metric 
of the formal neighborhood of the zero section M C T*M, one can apply an 
appropriate version of the Darboux Theorem, which gives a local symplectic 
isomorphism k : TM T*M in a neighborhood of the zero section. However, 
this theorem is not quite standard in the holomorphic and formal situations. For 
the sake of completeness, we finish this section with a sketch of a construction of 
such an isomorphism k : TM T*M which can be used to obtain a hyperkahler 
metric on T*M rather than on TM. 
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9.5.2. Wc begin with the foUowing preliminary fact on the holomorphic de 
Rham complex of the manifold TMj. 

Lemma. Assume given either a form,al Hodge manifold struct,ure on the U{1)- 
manifold TM along the zero section M C TM , or an actual Hodge manifold 
structure on an open neighborhood U C TM of the zero section. 

(i) For every point m G M there exists an open neighborhood U C TMj 
such that the spaces Vl' (U) of holomorphic forms on the complex manifold 
TMj (formally completed along M C TM if necessary) equipped with the 
holomorphic de Rham differential dj : Q.' {U) — > 0'+^(f7) form an exact 
complex. 

(ii) // the subset U C TM is invariant under the U{V)-action on TM , then 
the same is true for the subspaces ^'i^{U) C r2'(J7) of forms of weight k 
with respect to the U{1)- action. 

(iii) Assume further that the canonical projection p : TMj M is holomor- 
phic for the preferred complex structure TMj on TM . Then both these 
claims hold for the spaces Q' {U /M) of relative holomorphic forms on U 
over M . 

Proof. The claim (i) is standard. To prove (ii), note that, both in the formal and 
in the analytic situation, the spaces O" {U) are equipped with a natural topol- 
ogy. Both this topology and the [/(l)-action are preserved by the holomorphic 
Dolbeault differential di. 

The subspaces Q.'f^^{U) C Q.'{U) of {7(l)-finite vectors are dense in the 
natural topology. Therefore the complex {Q.'^^^{U),di) is also exact. Since the 
group U(l) is compact, we have 

k 

which proves (ii). The claim (iii) is, again, standard. □ 

9.5.3. We can now formulate and prove the main result of this subsection. 

Proposition 9.2 Assume given a formal polarized Hodge manifold structure 
on the manifold TM along the zero section M c TM such that the canonical 

projection p : TM i —^Mis holomorphic for the preferred complex structure 
TMj on TM. Let flj be the associated formal holomorphic 2-form on TMj. 
Let T*M be the total space of the cotangent bundle to the manifold M equipped 
with a canonical holomorphic symplectic form CI. There exists a unique U{1)- 
equivariant holomorphic map k : TM i T*M, defined in a formal neighbor- 
hood of the zero section, which commutes with the canonical projections onto M 
and satisfies flj ~ K*n. Moreover, if the polarized Hodge manifold structure on 
TMi is defined in an open neighborhood U C TM of the zero section M C TM , 
then the map k is also defined in a (possibly smaller) open neighborhood of the 
zero section. 
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Proof. By virtue of the uniqueness, the claim is local on M, so that we can 
assume that the whole M is contained in a J7(l)-invariant neighborhood U C 
TMi satisfying the conditions of Lemma [9.5.2 . Holomorphic maps k : U 



T*M which commute with the canonical projections onto M are in a natural 
one-to-one correspondence with holomorphic sections a of the bundle p*A^'°(M) 
on TMj. Such a map k is C/(l)-equivariant if and only if the corresponding 1- 
form a € il^(U) is of weight 1 with respect to the [/(l)-action. Moreover, it 
satisfies K*n = flj if and only if dia = flj. Therefore to prove the formal resp. 
analytic parts of the proposition it suffices to prove that there exists a unique 
holomorphic formal resp. analytic section a € C°°{U,p*A^'°{M) which is of 
weight 1 with respect to the L''(l)-action and satisfies dja = ilj. 

The proof of this fact is the same in the formal and in the analytic situations. 
By definition of the polarized Hodge manifold the 2-form f2/€ fi^(C/) is of weight 
1 with respect to the C/(l)-action. Therefore by Lemma 3.5.2| (ii) there exists a 
holomorphic 1-form a £ il^{U) of weight 1 with respect to the J7(l)-action and 
such that dja = flj. Moreover, the image of the form ^Ij under the canonical 
projection fl^CU) il'^(U/M) is zero. Therefore by Lemma \).5.2 (iii) we can 
arrange so that the image of the form a under the projection ^^{U) il^ {U /M) 
is also zero, so that a is in fact a section of the bundle yO*A^'°(M). This proves 
the existence part. To prove uniqueness, note that every two such 1-forms must 
differ by a form of the type dif for a certain holomorphic function / G ilP{U). 
Moreover, by Lemma ^.5.2| (ii) we can assume that the function / is of weight 
1 with respect to the ?7(l)-action. On the other hand, by Lemma 3.5.2| (iii) 
we can assume that the function / is constant along the fibers of the canonical 
projection p : TMi M. Therefore we have f — identically on the whole U. 
□ 



10. Convergence 
10.1. Preliminaries 



10.1.1. Let M be a complex manifold. By Theorem B.l every Kahlerian connec- 
tion V : Ai(M, C) A^{M, C) (g) A^{M, C) on the cotangent bundle A^{M, C) 
to the manifold M defines a flat linear extended connection D : 5^(Af, C) — *■ 
(M, C) on M and therefore a formal Hodge connection D on the total space 



TM of the complex-conjugate to the tangent bundle to M. By Proposition 5.2 
this formal Hodge connection defines, in turn, a formal Hodge manifold struc- 
ture on TM in the formal neighborhood of the zero section M C TM. 

In this section we show that if the Kahlerian connection V is real-analytic, 
then the corresponding formal Hodge manifold structure on TM is the comple- 
tion of an actual Hodge manifold structure on an open neighborhood U C TM 
of the zero section M C TM. We also show that if the connection V comes 
from a Kahler metric ui on M, then the corresponding polarization fl of the for- 



mal Hodge manifold TM defined in Theorem 3.1 converges in a neighborhood 



U' C U C TM of the zero section M C TM to a polarization of the Hodge 
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manifold structure on U' . Here is the precise formulation of these results. 

Theorem 10.1 Let M he a complex manifold equipped with a real-analytic Kdh- 
lerian connection V : A-'^(Af, C) — > A^(A/, C)(8)A^(M, C) on its cotangent bundle 
A^(M,C). There exists an open neighborhood U C TAI of the zero section 
M C TM in the total space TM of the complex- conjugate to the tangent bundle 
to M and a Hodge manifold structure on U d TM such that its completion 
along the zero section M C TM defines a linear flat extended connection D on 
M with reduction V. 

Moreover, assume that M is equipped with a Kdhler metric uj such that 
Vw = 0, and let O e C^(TM, A2(TAf, C)) be the formal polarization of the 
Hodge manifold structure on U d TM along M C TM. Then there exists an 
openjncighborhood U' C U of M C U such that ft e C^{U\A^{TM,C)) C 
C^j{TM,A^{TM,C)). 

10.1.2. We begin with some preliminary observations. First of all, the question 
is local on M, therefore we may assume that M is an open neighborhood of 
in the complex vector space V = C". Fix once and for all a real structure and 
an Hermitian metrics on the vector space V, so that it is isomorphic to its dual 

The subspace 3 C C°° (M, C) of functions vanishing at S M is an ideal in 
the algebra C°° {M, C) , and 3-adic topology on C°° (M, C) extends canonically 
to the de Rham algebra A' (M, C) of the manifold M and, further, to the Weil 



algebra B' (M, C) of M introduced in 6.3.5 , Instead of working with bundle 



algebra B' {M, C) on M, it will be convenient for us to consider the vector space 

B' ^C^{M,B'{M,C)), 

which is by definition the 3-adic completion of the space C°°(M, i3' (Af, C)) of 
global sections of the Weil algebra. This vector space is canonically a (pro- 
)algebra over C. Moreover, the Hodge bundle structure on B'{M, C) induces an 
R-Hodge structure on the algebra B' . 

10.1.3. The C?-adic completion C^(A'/, C) of the space of smooth functions on 
M is canonically isomorphic to the completion S' [V] of the symmetric algebra 
of the vector space V '^V* . The cotangent bundle A^ ( Af, C) is isomorphic to 
the trivial bundle V with fiber V over Af, and the completed de Rham algebra 
C^(Af, A'(Af,C)) is isomorphic to the product 

(Af,A'(M,C)) S'{V)®h'{V). 

This is a free graded-commutative algebra generated by two copies of the vector 
space V, which we denote by Vi = F C A^iy) and by Fa = ^ C S^(y). It 
is convenient to choose the trivialization A^(Af, C) = V in such a way that the 
de Rham differential dM '■ A'(A'/, C) A'+^(Af, C) induces an identity map 
dM ■.V2^Vi(l Cf{M,K\M,<C)). 

10.1.4. The complex vector bundle S'^(Af, C) on M is also isomorphic to the 
trivial bundle V. Choose a trivialization S'^(Af, C) = V in such a way that the 
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canonical map C : S^{M, C) A^(M, C) is the identity map. Denote by 

F3 = y c C°°(M, S^{M, C))cB" 

the subset of constant sections in S^{M,C) = V. Then the Weil algebra B' 
becomes isomorphic to the product 

^S'{V2®V3)(^A\Vi) 

of the completed symmetric algebra 5" (V2 V3) of the sum V2 V3 of two copies 
of the vector space V and the exterior algebra A' (Vi) of the third copy of the 
vector space V. 

10.1.5. Recall that we have introduced in 7.2.2| a grading on the Weil algebra 



B' (A/, C) which we call the augmentation grading. It induces a grading on the 
the Weil algebra B' . The augmentation grading on B' is multiplicative, and it 
is obtained by assigning degree 1 to the generator subspaces Vi , V3 C B' and 



degree to the generator subspace V2 d B' . As in 7.2.2, we will denote the 
augmentation grading on B' by lower indices. 

We will now introduce yet another grading on the algebra B' which we will 
call the total grading. It is by definition the multiplicative grading obtained by 
assigning degree 1 to all the generators ^1,^2,^3 C B' of the Weil algebra B' 
We will denote by B'^. „ C B' the component of augmentation degree k and total 
degree n. Note that by definition n, fc > and, moreover, n > k. 



Remark. In 7.2.2 we have also defined a finer augmentation bigrading on the 
Weil algebra B' (A/, C) and it this bigrading that was denoted by double lower 
indices throughout Section ^. We will now longer need the augmentation bi- 
grading, so there is no danger of confusion. 

10.1.6. The trivialization of the cotangent bundle to M defines an isomorphism 
TM = M xV and a constant Hodge connection on the pair {TM,M). The 
corresponding extended connection ; S^{M,C) B^{M,C) is the sum 

of the trivial connection 

y const . s\M,C) 5i(A/,C) (g) Ai(Af,C) c B^{M,C) 

on {M, C) = V and the canonical isomorphism 

C = \d : S\M,C) ^ A\M,C) c B\M,C). 

The derivation : S' B'^^ of the Weil algebra associated to the ex- 



tended connection by 3.4.5 is equal to 

jjconst = c* = id : 1/3 Vi 

i^™"^* = dM = id : ^2 ^ ^^1 
jjconst ^ ^ on 

on the generator spaces Vi,V2,V3 C B' . In particular, the derivation D^"""^^ 
preserves the total degree. 
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10.1.7. Let now D : S^{M,C) B'^{M,C) be the an arbitrary linear extended 
connection on the manifold Af , and let 

fc>0 

be the derivation of the Weil algebra B' associated to the extended connection 



D by 6.4.5. The derivation D admits a finer decomposition 



D= J2 Dk.n ■■ B' ^ B' + ^ 
k.n>0 



according to both the augmentation and the total degree on B' . The sumniand 
Dk.n by definition raises the augmentation degree by k and the total degree by 
n. 

10.1.8. Since the extended connection D : S^{M,C) B^{M,C) is linear, its 
component Dq : S^{M, C) A^(M, C) of augmentation degree coincides with 
the canonical isomorphism C : S^{M, C) — *■ A^(M, C). Therefore the restriction 
of the derivation D : B' ^ B'+^ to the generator subspace V3 C S^{M,C) C B° 
satisfies 

Uq — — — i^Q Q . K3 ^ Ki C O . 

In particular, all the components -Do.n except for I?o,o vanish on the subspace 
V^dB'. 

The restriction of the derivation D to the subspace A' (M, C) C B' (M, C) by 
definition coincides with the de Rham differential (Im ■ A' {M, C) A'+^ (M, C). 
Therefore on the generator subspaces Vi,V2 C B' we have D ~ dnj ~ jjconst ^ 
In particular, all the components Dk^n except for -Di.o vanish on the subspaces 
Vi,V2ClB'. 

10.1.9. The fixed Hermitian metric on the generator spaces Vi = V2 ~ V3 — V 
extends uniquely to a metric on the whole Weil algebra such that the multi- 
plication map B' ® B' B' is an isometry. We call this metric the standard 
metric on B' . We finish our preliminary observations with the following fact 



which we will use to deduce Theorem 10.1 from estimates on the components 
Dn,k of the derivation D : B' ^ B'^^. 

Lemma. Let D = Dn,k '■ B' —> B'^^ be a derivation associated to an 

extended connection D on the manifold M. Consider the norms \\Dk.n\\ of the 
restrictions Dk^n ■ V3 ^ ^n+i k+i °f derivations Dk^n ■ B' — > B'^^ to 
the generator subspace V3 C S*^ taken with respect to the standard metric on 
the Weil algebra B' . If for certain constants C, e > and for every natural 
n > k > we have 

(10.1) \\DkM\ < Ce", 

then the formal Hodge connection on TM along M associated to D converges 
to an actual real-analytic Hodge connection on the open ball of radius e in TM 
with center at Cz M d TM . Conversely, if the extended connection D comes 
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from a real-analytic Hodge connection on an open neighborhood U C TM , and if 
the Taylor series for this Hodge connection converge in the closed ball of radius 
e with center at (z M d TM , then there exists a constant C > such that 



(10.1) holds for every n,k > 0. 



Proof. The constant Hodge connection D^^"""* is obviously defined on the whole 
TM, and every other formal Hodge connection on TM is of the form 



= 0" 



+ if o e : A°(rAf, C) ^ p*A\M, C), 



where d'' : A°(TM,C) K^{TM/M,C) is the relative de Rham differential, 
and e e CfSiTM, A^{TM /M, C) (g) p*A^{M, C)) is a certain relative 1-form on 
the formal neighborhood of M C TM with values in the bundle p*A^{M,C). 
Both bundles A^{TM/M, C) and p\A^{M, C) are canonically isomorphic to the 
trivial bundle V with fiber V on TM . Therefore we can treat the 1-form Q 
as a formal germ of a End(V^)-valued function on TM along M . The Hodge 
connection D converges on a subset U C TM if and only if this formal germ 
comes from a real-analytic End(y)-valucd function Q on U . 

The space of all formal Taylor series for End(V^)-valued functions on TM at 
e A/ C TM is by definition equal to End(V^) ® . Moreover, for every n > 
the component 6„ S ;Bj^ (g) End(V^) = Hom(V^, (g) V) of total degree n of the 
formal power series for the function at G TM is equal to the derivation 



0<fc<n 



0<fc<n 



Every point x € TM defines the "evaluation at x" map 

ev^ : C°°(TM, End(V^)) ^ C, 

and the formal Taylor series for 6 e End(y)®S° converges at the point x E TM 
if and only if the series 



e(x) = ^ev,(e„) e End{V) 



n>0 



converges. But we have 



II CVx{&n)\\ = 



0<fc<n 



where |x| is the distance from the point x to € TM. Now the application of 
standard criteria of convergence finishes the proof of the lemma. □ 



10.2. Combinatorics 
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10.2.1. We now derive some purely combinatorial facts needed to obtain esti- 
mates for the components Dk,n of the extended connection D. First, let a„ be 
the Catalan numbers, that is, the numbers defined by the recurrence relation 

l<fe<n-l 

and the initial conditions ai = 1, a„ = for n < 0. As is well-known, the 

generating fimction f{z) = J2k>a '^kZ^ for the Catalan numbers satisfies the 
equation /(z) = /(z)^ + z and equals therefore 



The Taylor series for this function at 2: = converges for 4 1 2;] < 1, which implies 
that 

afc < C(4 + ef 
for some positive constant C > and every e > 0. 

10.2.2. We will need a more complicated sequence of integers, numbered by 
two natural indices, which we denote by hk,n- The sequence hk,n is defined by 
the recurrence relation 

p,g;l<p<fc— 1 

and the initial conditions 

bk,n =0 for fc < 0, 
bk,n =0 for k = l,n < 0, 
^bk,n =1 for A; = l,n>0, 

which imply, in particular, that if n < 0, then bk.n = for every k. For every 
n>o bk,nZ" be the generating function for the numbers bk,n- 
The recurrence relations on bk,n give 

= r 9k-p{z) (1 + z^}\ {gp{z)) 

= ^ E [^ + ^9, 
i<p<fe-i ^ 

and the initial conditions give 



2 + ^^ {9p{z)gk-p{z)), 



1-z 



10.2.3. Say that a formal series f{z) in the variable z is non-negative if all the 
terms in the series are non-negative real numbers. The sum and product of two 
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non-ncgativc scries and the derivative of a non-negative series is also obviously 
non-negative. For two formal series s{z), t{z) write s{z) <C t{z) if the difference 
t{z) — s{z) is a non-negative power series. 

Our main estimate for the generating functions gk{z) is the following. 

Lemma. For every k> 1 we have 

1 



gk{z) < a/c- 



where ak are the Catalan numbers. 

Proof. Use induction on k. For fc = 1 we have gi{z) = and ai = 1, which 

gives the base for induction. Assume that the claim is proved for all p < k. 
Since all the gn{z) are non- negative power series, this implies that for every p, 
l<p<k— Iwe have 

1 1 1 

gp{Z)gk-p[Z) < apGk-p _ _^^2p-l _ 2:)2fe-2p-l ~ (^P^k-p _ ' 

Therefore 

2 -I- z^- \ {gp{z)gk-piz)) < apQk-p \ 2 + z-^ 



Q^j ..P.~,..-P.-,, ■^p.-.-p — g^y 



2k-2 



2 (2fc-2)z 



2fc - 2 2fc - 4 

^P^k-p \^(i_^)2fe-l - (1 _ ^)2fc-2 

« {2k - 2)apafe_p^^— 



Hence 



i<p<fe-i ^ ^ 

X] O-pO-k-p _ _j,-)2/s-l 



l<p<fe 

2fc- 2 



2k ^ "'"^-''{l-zf 

\<p<h-\ ^ ' 

1 _ 1 

« (1 _ ,)2.-i -P'^k-p - a. _ ^^2.-1 ' 

which proves the lemma. □ 
10.2.4. This estimate yields the following estimate for the numbers hk,n- 

Corollary. The power series 

g{z) = J2^k,nZ''+'' = Y,gk{z)z'' 

k.n fe>l 
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converges for z < 3 — \/8- Consequently, for every C2 such that (3 - \/8)C2 > 1 
there exists a positive constant C > such that 

for every n and k. (One can take, for example, C2 = Q-) 
Proof. Indeed, we have 

(10.2) g{z) « g a.z"^^-!^ = (1 - .)/ ( (^3^) ' 

where f{z) = ^ — ^ j — z is the generating function for the Catalan numbers. 
Therefore 



2 i^-z)^)' 
and the right hand side converges absolutely when 



ui ^1 



(1 -zy 4 

Since 3 — \/8 is the root of the quadratic equation (1 — z)^ = Az, this inequality 
holds for every z such that |z| < 3 — \/8- D 

10.2.5. To study polarizations of Hodge manifold structures on TM, we will 
need yet another recursive sequence of integers, which we denote by 6™„. This 
sequence is defined by the recurrence relation 

y,m _ sr q + m{k- p) ^„ 

"k,n ~ / J ^p,q^k-p,n—q 

p,g;l<p<fc— 1 

and the initial conditions 

= unless fc, m < 0, 

=0 for fc = l,n<0, 

=1 for fc = l,n>0. 

10.2.6. To estimate the numbers V^^, consider the auxiliary sequence Ck,n de- 
fined by setting 

^k,n ~ ^ ^ ^p.qbk—p,n—q ^ ^ 2, 
p,g;l<p<fe— 1 

and Ck,n = bk,n for fc < 1. The generating series c{z) = J2k n>o Cfe.n-^"''''^ satisfies 

z 



c{z) = c{z)g{z) + 



1-z' 
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so that we have c(z) = (i-z)( i~a(z )) ' '^l^ich is non-singular when |z|, \g{z)\ < 1 
and g{z) is non-singular. By ( 10.2 ) the latter inequality holds if 



(1-=, 1 



'1 



< 1, 



which holds in the whole disc where g{z) converges, that is, for \z\ < 3 — -v/S. 
Therefore, as in Corollary 10.2.4, we have 



(10.3) 



Ck,n < CQ 



for some positive constant C. 
10.2.7. We can now estimate the numbers b' 



k,n ■ 



Lemma. For every m,k,n we have 

(10.4) bl^ < {2mt-^ck,nbk,n. 



where Ck,n o,re as in 10.2.6 and bk^n o,re the numbers introduced in 10.2.2. Con- 
sequently, we have 

< C(72m)"+'=^+'" 

for some positive constant C > 0. 

Proof. Use induction on k. The case k = 1 follows from the initial conditions. 
Assume the estimate ( |10.4[ ) proved for all 6™^ with p < k. Note that by the 
recurrence relations we have bp^q ^ ^fc,n s-nd Cp q ^ Cj^^n 

whenever p < k. There- 
fore 



"fe,n — 



E 

j),g;l<p<fc— 1 



q + m{k — p) 



"p,q"k-p,n-q 



p,(j;l<p<fc — 1 



p,g;l<p<A:— 1 



— ^ ^ 2^ Cp_q j^bp_qb}^—p ji-^q -\- ^ ^ 2^ bp_qCp_qbf^—p_^', 

p,g;l<p<fc — 1 



p,g;l<p</c— 1 

~l~ 2 ^fc,n ^ ^ Cp,qbk—p,7i — q 

p,g; l<p<fc — 1 

oA; — 2 t I r\k — 2 _ nk—l l 

^k,n^k,n \ ^ ^k,n^k.7i — ^ ^k,7i^k,n-! 



which proves (10.4) for 6 ^^^ . Th e second estimate of the lemma now foUows 
from (|ia3|) and Corollary [lOfJ. □ 
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10.3. The main estimate 

10.3.1. Let now D — J2kn^",k ■ B' B'~^^ be a derivation of the Weil 
algebra B' associated to a flat linear extended connection on M. Consider the 
restriction Dk^n ■ B'p^ B'p + k,q + nof the derivation Dk,n to the component 
B'p ij C B' of augmentation degree p and total degree q. Since both ^ and 
B'p + k,q + n are finite-dimensional vector spaces, the norm of this restriction 
with respect to the standard metric on B' is well-defined. Denote this norm by 

\\Dk,n\\p,q- 



By Lemma 10. f .9 the convergence of the Hodge manifold structure on TM 
corresponding to the extended connection D is related to the growth of the 
norms ||-Dfe,n||i.i- Our main estimate on the norms ||-D/c.n|| i,i is the following. 

Proposition 10.1 Assume that there exist a positive constant Co such that for 
every n the norms ||£'i,ri||i,i o-nd ||-Di,n||o,i satisfy 

||-Dl,ri||l,l, ||£'l,ri||l,0 < Cq • 

Then there exists a positive constant Ci such that for every n, k the norm 
||-Dfc,„||i,i satisfies 



10.3.2. In order to prove Proposition 10.1, we need some preliminary facts. 
Recall that we have introduced in 7.2.4| the total Weil algebra Bl^^i^M, C) of the 



manifold Af , and let 

Bl, = C^{M,Bl,{MX)) 

be the algebra of its smooth sections completed at C M . By definition for 
every fc > we have S^^t — B^ ® W^, where Wk is the R-Hodge structure of 



weight k universal for weakly Hodge maps, as in 1.4.5. There exists a unique 
Hermitian metric on Wk such that all the Hodge components W^''' c Wk are 
orthogonal and all the Hodge degree components w^'' of the universal weakly 
Hodge map Wk '■ M(0) Wk are isometrics. This metric defines a canonical 
Hermitian metric on W^. 

Definition. The standard metric on the total Weil algebra Bl^^ is the product 
of the canonical met ric an d the standard metric on B' . 

10.3.3. By Lemma |7.1.4| the total Weil algebra Bl^f is generated by the sub- 
spaces V2,V3 C B^ = and the subspace Vi (g) Wj* C Bj^f., which we 
denote by F/"*. The ideal of relations for the algebra Bl^^ is the ideal in 
5" (^2 ® Vs) (g) A'iVl"') generated by S^{Vi) (g> A^{Wl) C A^iV^*"'). 

The direct sum decomposition (7.3) induces a direct sum decomposition 



ytot ^ yll ^ yo ^ 



rr 
1 



of the generator subspace V^"* C Bl^^ The subspaces Vf C V^"* and V^/'eFf C 
V]*°' are both isomorphic to the vector space Vi. More precisely, the universal 
weakly Hodge map wi : R(0) Wi defines a projection 

P -.Vl"* = Vi(g)Wl -^Vi, 



89 



and the restriction of the projection P to either of the subspaces V°, Vj^ ® C 
Vi°* is an isomorphism. Moreover, either of these restrictions is an isometry with 
respect to the standard metrics. 

10.3.4. The multiplication in S^qj is not an isometry with respect to this metric. 
However, for every 61, 62 C Bl^^ we have the inequality 

II61&2II < ||&l||-|l&2||. 

Moreover, this inequality becomes an equality when bi C B^^^. In particular, if 
we extend the map P : V\*°* ^ Vi to a S^-module map 

P:Bl,-.B\ 

then the restriction of the map P to either of the subspaces Bl, B]i Bl^ C B]g^ 
is an isometry with respect to the standard metric. Therefore the norm of the 
projection P : Bf^f ^ 5^ is at most 2. 

10.3.5. The total and augmentation gradings on the Weil algebra B' extend 
to gradings on the total Weil algebra Bl^^, also denoted by lower indices. The 
extended connection D on M induces a derivation = J2n k ^k'n '■ ^'tot ~^ 
B't+\ As in IIO.3.II , denote by \\Dl°l\\p^g the norm of the map Z)*°^ : 'iBlt)p,g ^ 



iBtot)p+k q+n '^ith respect to the standard metric on Sj^^. The derivations 1?^°^ 
are related to I?fe,n by 

Dk,n = PoDi°^^:B'' ^B\ 
and we have the following. 
Lemma. For every k, n and p = 0, 1 we have 

\\Dk,n\\p,l = ||£'fe°*J|p,l- 

Proof. By definition wc have B'q i(BB[ i = V10V2® V3. Moreover, the derivation 
Dk^n vanishes on Vi, hence £>^°^ vanishes on V]*°*. Therefore it suffices to 
compare their norms on V2 ® V3 C 6° = S^^j. 

Since on S' {V2) C the derivation Dk^n coincides with the de Rham dif- 
ferential, the derivation f^."^ maps the subspace V2 into Bfi ® B^^.. Moreover, 



by Lemma 7.2.6 the derivation f^"^ maps V3 either into Bl or into Bj^ ® B^^, 
depending on the parity of the number k. Since Dk,n — P ° and the map 
P : Bjgf. B^ is an isometry on both Bl C Bj^f. and Bfi © B^^ C B^^f, we have 
\\Dk,n\\ = \\Di°n\\ on both V2 C S° and V3 C B°, which proves the lemma. □ 



This lemma allows to replace the derivations Dk^n in Proposition 10.1 with 



associated derivations D'j°l^ of the total Weil algebra Bl^f. 

10.3.6. Since the extended conn ection D is linear and flat, the construction 
used in the proof of Lemma 8.3.6| shows that 



(10.5) 

i<p<fe-i 
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-"tot ~^ 

degree, 
estimate the norms 



where a tot ■ ^'ttt ~* ^'tot ^^'^ canonical map constructed in 7.3.7, and h : 
is as in Lemma 7.3. S| . Both atot and h preserve the augmentation 
In order to obtain estimates on ||i?fe,„||i,i = we have to 

and llfTtotll of the restrictions of maps and atot 



on the subspace (g^Jf-ui C B't^f 



By Lemma 7.3.9| the map h : {B')/^^^ is diagonalizable, with 

eigenvalues A: + 1 if fc is even and (k + l)/2, {k — l)/2 if k is odd. Since m > 2, 
in any case on (iB')^,^-^ we have 



(10.6) 



< 



10.3.7. To estimate atot '■ B^ot Bf^t^ recall that, as noted in |7.3.7|, the map 



atot is a map of S°-modules. The space Btot = ® {Btot)2 is a free S°-module 
generated by a finite-dimensional vector space {Btot) 2- The map atot preserves 
the augmentation degree, hence it maps {Btot) 2 ^"^^^ the finite-dimensional vec- 



tor space (Bl^f) ^ . Therefore there exists a constant K such that 



(10.7) 



\(Ttot\\ < K 



B 



tot J 2- 



Since we have II&1&2II = ll&ill "ll^all for every bi G S", &2 G B"^^ 



and the map atot is ;B°-linear, the estimate ( 10.7 ) holds on the whole B, 



B°i 



{Bfot)2- We can assume, in addition, that K > 1. 



^tot 



Remark. In fact K — 2, but we will not need this. 

10.3.8. Let now bk.n be the numbers defined recursively in 10.2.2 . Our estimate 
for ||-Dfe°^||p,5 is the following. 



Lemma. In the assumptions and notations of Proposition 10.1 
for every fc, n. 



have 



Proof. Use induction on k. The base of induction is the case A; = 1, when the 
inequality holds by assumption. Assume that for some k we have proved the 



inequality for all \\D. 



m.nWp.q 



with m < k, and fix a number n > k. 



Consider first the restriction of Dj^l^ onto the generator subspace V3 C 
Taking into account the total degree, we can rewrite ( 10. 5| ) as 



T^tot 



° <Jtot ° 



E 

l<J9<fe-l 



/ J k — v.n—q p,q 



{Blot) 



fc+i 



Therefore the norm of the map I?!"* : V3 



B]g^ satisfies 



\Drn}<\\h-'\\-\Wtot\ 



E 

i<p<fc- 



El 

1 q 



D*k-p,n-q\\v+^.q+^'\\D^p!q\\ 
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Substituting into this the estimates (10.6), (10.7) and the inductive assumption, 
we get 



l<p<fc-l q 



{q + l){3K)''-^CSbk 



-p.n — q 



Since by definition Z)^"* vanishes on V2 C and on C Bj^^, this proves 
that 

\\DZ\\p,i < {3K)'^-'CSbk,n 

when p = 0,1. Since the map -Df.°^ : B'^g^ — > B^^^^ is a derivation, the Leibnitz 
rule and the triangle inequality show that for every p, q 

\Dl%\\p^, < q{mf-^c^bk,n, 



which proves the lemma. 

10.3.9. Proof of Proposition 10.1. By Lemma 10.3.5 we have |l-Dfc,n| 



□ 



|Z?^°*J|p_i, and by Lemma 10.3.8 we have 



Since k < n and K > 1, this estimate together with Corollary |10.2.4| implies 
that 

\\Dk,n\\pA < C(3if)^-iCo"62" < aiOSKCoT 



for some positive constant C > 0, which proves the proposition. 
10.3.10. Proposition 10.1 gives estimates for the derivation D : B' 
equivalently, for the Dolbeault differential 



□ 



B' 



dj : A"' (TMj) ^ A"^ +^(TMj) 

for the complementary complex structure TM j on TM associated to the ex- 
tended connection D on M. To prove the second part of Theorem 10. 1| , we 
will need to obtain estimates on the Dolbeault differential dj : AP'^iTM j) 
AP'^(TAI j) with p > 0. To do this, we use the model for the de Rham complex 



A'''(TMj) const ructed in Subsection 9^ 



Recall that in 9.2.5 we have identified the direct image p*A'''(TA/j) of the 
de Rham algebra of the manifold TM with the free module over the Weil algebra 
B' {M, C) generated by a graded algebra bundle L' (M, C) on M. The Dolbeault 
differential dj for the complementary complex structure TM j induces an alge- 
bra derivation D : L\M, C) ® B' {M, C) ^ L' (M, C) (g) B'+'^iM, C), so that the 
free module p^,A' '' {TAI j) = L' {M , C) (g B' {AI , C) becomes a differential graded 
module over the Weil algebra. 

10.3.11. The algebra bundle L'{M,€.) is isomorphic to the de Rham algebra 
A' (M, C). In particular, the bundle L^{AI, C) is isomorphic to the trivial bundle 
V with fiber V over M. By |9.3.2 the relative de Rham differential 



d'' : A'{TAI/M,C) A'+' {TAI /M,C) 
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induces a derivation 

d'' : L' {M, C) ® B' {M, C) ^ L'+^ {M, C) (g) B' {M, C), 

and we can choose the triviahzation L^{M,C) = V in such a way that cT 
identifies the generator subspace V3 C B'^ with the subspace of constant sections 
of V = L^(M,C) C L^{M,C)(g>B°{M,C)- 
10.3.12. Denote by 

r^- =cf (i-(Af,c)®s;„,(Af,c)) 

the 3-adic completion of the space of smooth sections of the algebra bundle 
L'{M,C) ® Sjot(M, C) on M. The space is a bigraded algebra equip- 
ped with the derivations : Z)*°* : C'' which 



commute by Lemma 9.3.2. The algebra C'' is the free graded-commutative 
algebra generated by the subspaces T4,V2,V3 C = B' and the subspace 
V = d^'iVs) C C^'°, which we denote by V4. 



10.3.13. As in 10.3.2 , the given metric on the generator subspaces Vi = V2 = 
V3 = V4 — V extends uniquely to a multiplicative metric on the algebra 
which we call the standard metric. For every fc > 0, introduce the total and 
augmentation gradings on the free i3'-module = A'^(V4) (8) B' by setting 
degA'^(t4) = (0,0). Let D = Dk^n be the decomposition of the derivation D : 
£''' — > with respect to the total and the augmentation degrees. Denote 
by ||I?fc,n||g the norm with respect to the standard metric of the restriction of 
the derivation Dk^n ■ £^'^ — > -C^'^ to the component in C^'^ of total degree q. 

10.3.14. Let now C^'^^ — A'(V4) ® Bl^^ be the product of the exterior algebra 
A" {V4) with the total Weil algebra Bl^i- We have the canonical identification 
vCf^f = (g) W*, and the canonical projection P : C'fg\ , identical on 



= As in 10.3.4, the norm of the projection P on C^^^ is at most 2 



tot 

The derivation D : C'^ induces a derivation £>*°* : C^'^^ ^tot^ 



related to D by D = P o The gradings and the metric on C'' extend to 

C\i^, in particular, we have the decomposition = J2kn^k°n ^i^^^ respect 
to the total and the augmentation degrees. Denote by the norm with 

respect to the standard metric of the restriction of the derivation 1?!°^ : 
CFf^ to the component in C^'^ of total degree q. Since ||P|| < 2 on we have 

tot I 



(10.8) \\D\°l\\l<1-\\DuA\\- 
10.3.15. The estimate on the norms g that we will need is the following. 

Lemma. In the notation of Lemma 10.3.8| , we have 



\DZE<2iq+pk){3K)'^-'C-bk,n, 



for every p, q, k, n. 
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Proof. Since Dk^n satisfies the Leibnitz rule, it suffices to prove tfie estimate for 

to the generator subspaces V2,V3,V4 C 
]) it suffices to prove that on , V3 , V4 we have 



the restriction of the derivation 1?^°^ 
£•■0. By (p^ 



On the generator subspaces V2,V^ C we have p = 0, and this equahty is 
the claim of Lemma 10.3.8. Therefore it suffices to consider the restriction of 
the derivation Dk^n to the subspace V4 = (fiVz) C We have dT o D^^n = 

Dk,n o d'' : V3 — > C^'^. Moreover, = \d : ^ V4 is an isometry. Since 
the operator : B' C^'' satisfies the Leibnitz rule and vanishes on the 
generators Vi,V2 C B' , the norm ||o?''||a: of its restriction to the subspace B^ of 
augmentation degree k does not exceed k. Therefore 

\\Dk,„\\a = \\DkM\ = \\Dk,nod'-\v,\\ = Wd'-oDkMl 



which proves the lemma. 



< ki3K)'-'C'o'bk 



□ 



10.4. The proof of Theorem 10.1 



10.4.1. We can now prove Theorem 10.1. Let D : S\M,C) -> B^{M,C) be 



a flat linear extended connection on M. Assume that its reduction Di = V : 
S^{M,C) S^{M,C) (g) A^{M,C) is a real-analytic connection on the bundle 
SHM,C). 

The operator Di : S^{M,C) S^{M,C) ® A^M,C) C B'^{M,C) con- 
sidered as an extended connection on M defines a Hodge connection Di : 
A°(TM,C) p*K^{M,C) on the pair {TM,M), and this Hodge connection 
is also real-analytic. Assume further that the Taylor series at C M C TM for 
the Hodge connection Di converge in the closed ball of radius e > 0. 
10.4.2. Let D ^J2nk Dk,n ■ B' B'+^ be the derivation of the Weil a lgebra 



B' associated to the extended connection D. Applying Lemma 10.1.9 to the 
Hodge connection Di proves that there exists a constant C > such that for 
every n > the norm HDi^nlji,! of the restriction of the derivation Di n to the 
generator subspace V3 = Bi i C B^ satisfies 

||i?i,„||i,i < CCo", 

where Co — l/e. 

By definition the derivation Di n vanishes on the generator subspace Vi C 
B^. If n > 0, then it also vanishes on the generator subspace V2 = Bq i C B°. 
If n = 0, then its restriction to V2 = Sq 1 C S° is the identity isomorphism 
Di o = id : V2 ^ Vi. In any case, we have IjUi.nllo.i < 1- Increasing if necessary 
the constant Cq, we can assume that for any n and for p = 0, 1 we have 

Pl.nllp,! < 
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10.4.3. We can now apply our main estimate, Proposition 10.1. It shows that 



there exists a constant Ci > such that for every k,n we have 



k,n\\l 



4 < c^r 



Together with Lemma 10.1. S this estimate impUes that the formal Hodge con- 
nection D on TM along M C TM corresponding to the extended connec- 
tion D converges to a real-analytic Hodge connection on an open neighborhood 
U C TM of the zero section AI C TM. This in turn implies the first claim of 



Theorem |10.l| . 

10.4.4. To prove the second claim of Theorem 10. l| , assume that the manifold M 
is equipped with a Kahler form u> compatible with the Kahlerian connection V, 
so that Vw = 0. The differential operator V : Ai'i(M) -> A'^'^{M)<SiA'^{M,C) is 
elliptic and real-analytic. Since Vw = 0, the Kahler form u is also real-analytic. 



For every p, q > we have introduced in 10.3.12 the space C^''^ , which coin 



cides with the space of formal germs at e M C TM of smooth forms on TM 
of type {p, q) with respect to the complementary complex structure TM j. The 
spaces £''* carry the total and the augmentation gradings. Consider uj as an 
element of the vector space Cq''^ , and let uj = ujn be the total degree decom- 
position. The decomposition uj ~ cun is the Taylor series decomposition for 
the form w at G AT Since the form to is real-analytic, there exists a constant 
C2 such that 



(10.9) |lc.„|l < 

for every n. 

10.4.5. Let n = J2k^k 
the Hodge manifold TM at M C TM corresponding to the Kahler form cu by 
Theorem 9.1. By definition we have oj — Hq. Moreover, by construction used 



J2k n ^k,n C £^'° be the formal polarization of 



in the proof of Proposition 9.1 we have 



(10.10) 



1 



— —-r 



k ^-^ 

l<p<k-l 



crtot{Dl"lpflp), 



where Z?*°* : — > C^'^ is the derivation associated to the extended connection 
D on M and crtot ■ C^''^^ C?'' is the extension to C?' — B\^^ of the 

canonical endomorphism of the total Weil algebra B\^^ constructed in the proof 



of Proposition 9.1 



10.4.6. The map otot ■ C?'^ — >■ C?'^ is a map of ;B°oj-modules. Therefore, as in 



10.3.7, there exists a constant i^i > such that 



(10.11) 



on We can assume that K\ > 3A', where K is as in (10.7). Together with 
the recursive formula (10. IC), this estimate implies the following estimate on 
the norms ||r2fe^„|| of the components ^k,n of the formal polarization taken 
with respect to the standard metric. 



95 



Lemma. For every k,n we have 

where C = max(Co,C2) is the bigger of the constants Co, C2, and 6| „ are the 
numbers defined recursively in 10.2.5. 

Proof. Use induction on k. T he base of the induction is the case k — 1, where 
the estimate holds by ( 10.9 ). Assum e the estimate proved for all ilp_„ with 
p < k, and fix a number n. By ( 10.10| ) we have 

l<p<fe-l q 



Substituting the estimate (10.11) together with the inductive assumption and 



the estimate on \\D 



tot |T2 



obtained in Lemma 10.3.15, we get 



l<p<fc-l q 

E E ^1-2(9 +2(fc-p))(3if)'=-^-^cr^&, 



l<p<k-l q 

^" E E('?+2(fc-p))&fe-f,n-«^L 

l<p<fc-l q 

k— 1 /-*n i2 



,fc-l. 



= (2i^i)^-^C"5l„, 



which proves the lemma. 



□ 



10.4.7. This estimate immediately implies the last claim of Theorem 10.1 . In- 
deed, together with Lemma 10.2.7 it implies that for every k,n 

for some constant C3 > 0. But ft — J2n J2o<k<n ^k,n is the Taylor series 
decomposition for the formal polarization at C M. The standard con- 
vergence criterion shows that this series converges in an open ball of radius 
I/C3 > 0. Therefore the polarization fl is indeed real-analytic in a neighbor- 
hood of C M C TM. □ 



Appendix 



A. 1.1. In this appendix we describe a well-known Borel-Wcyl type localization 
construction for quaternionic vector spaces (see, e.g. |HKLR]) which provides 
a different and somewhat more geometric approach to many facts in the theory 
of Hodge manifolds. In particular, we establish, following Deligne and Simpson 
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( ]D2{ , [^), a relation between Hodge manifolds and the theory of mixed M- 
Hodge structures. For the sake of simplicity, we consider only Hodge manifold 
structures on the formal neighborhood of G R'*" instead of actual Hodge 
manifolds, as in Section To save the space all proofs are either omitted or 
only sketched. 

A. 1.2. Let SB be the Severi-Brauer variety associated to the algebra H, that 
is, the real algebraic variety of minimal right ideals in H. The variety SB is a 
twisted R-form of the complex projective line CP^. 

For every algebra map / : C ^ H let the algebra EI ®r C act on the 2- 
dimensional complex vector space H/ by left multiplication, and let / C IHI(g)RC 
be the annihilator of the subspace /(C) C H/ with respect to this action. The 
subspace / is a minimal right ideal in H C. Therefore it defines a C- valued 
point / C SB(C) of the real algebraic variety SB. This establishes a bijection 
between the set SB(C) and the set of algebra maps from C to H. 
A. 1.3. Let Shv(SB) be the category of flat coherent sheaves on SB. Say that a 
sheaf £ e ObShv(SB) is of weight p if the sheaf £ (g) C on CP^ SB (g) C is a 
sum of several copies of the sheaf 0{p). 

Consider a quaternionic vector space V. Let T E H^OgB be the tautological 
minimal left ideal in the algebra sheaf H (g) Osb, and let Vioc G ObShv(SB) be 
the sheaf defined by 

Vioc^V(g,OsB/I-V(g,OsB- 

The correspondence V > Vioc defines a functor from quaternionic vector spaces 
to Shv(SB). It is easy to check that this functor is a full embedding, and 
its essential image is the subcategory of sheaves of weight 1. Call Vioc the 
localization of the quaternionic vector space V. For every algebra map X : C — > 
HI the fiber Viodj of the localization Vioc over the point / C SB(C) corresponding 
to the map « : C ^ H is canonically isomorphic to the real vector space V with 
the complex structure Vj. 

A. 1.4. The compact Lie group U{1) carries a canonical structure of a real 
algebraic group. Fix an algebra embedding / : C ^ H and let the group U{1) 
act on the algebra HI as in |l.l.2| . This action is algebraic and induces therefore 
an algebraic action of the group U{1) on the Severi-Brauer variety SB. The 
point / : SpecC C SB is preserved by the [/(l)-action. The action of the group 
U{1) on the complement SB \ /(SpecC) C SB is free, so that the variety SB 
consists of two [/(l)-orbits. The corresponding orbits of the complexified group 
C* = C/(l) X SpecC on the complexification SB x SpecC = CP are the pair of 
points 0, cxD c CP and the open complement CP \ {0, oo} ^ C* C CP. 

Let Shv'^'-^''(SB) be the category of C/(l)-equi variant flat coherent sheaves on 
the variety SB. The localization construction immediately extends to give the 
equivalence V i— s- Vioc between the category of equivariant quaternionic vector 
spaces and the full subcategory in Shv'^'"'^' (SB) consisting of sheaves of weight 1. 
For an equivariant quaternionic vector space V, the fibers of the sheaf Vioc over 
the point / C SB(C) and over the complement SB \ /(SpecC) are isomorphic to 
the space V equipped, respectively, with the preferred and the complementary 
complex structures Vj and Vj. 
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A. 1.5. The category of L''(l)-equivariant flat coherent sheaves on the variety 
SB admits the following beautiful description, due to Deligne. 



Lemma (|D2|,|S1]). (i) For every integer n the full subcategory 

Shv^(i)(SB) c Shv^(i)(SB) 

of sheaves of weight n is equivalent to the category of pure R-Hodge struc- 
tures of weight n. 

(ii) The category of pairs {£,W-) of a flat U{l)-equivariant sheaf 

£ e ObShv^(i)(SB) 

and an increasing filtration W- on £ such that for every integer n 

(A.l) Wn£/Wn-i£ is a sheaf of weight n on SB 

is equivalent to the category of mixed W-Hodge structures. (In particular, 
it is abelian.) 

A. 1.6. For every pure M-Hodge structure V call the corresponding [/(l)-equi- 
variant flat coherent sheaf on the variety SB the localization of V and denote 
it by Vioc- For the trivial K-Hodge structure R(0) of weight the sheaf R(0)ioc 
coincides with the structure sheaf O on SB. If V, W are two pure R-Hodge 
structures, then the space Honi( VJoc, W^Zoc) of [/(l)-equivariant maps between 
the corresponding sheaves coincides with the space of weakly Hodge maps from 



y to in the sense of Subsection 1.4 



For every pure R-Hodge structure V the space r(SB, Vioc) of the global 
sections of the sheaf Vioc is equipped with an action of the group U{1) and carries 
therefore a canonical R- Hodge structure of weight 0. This R- Hodge structure 
is the same as the universal R-Hodge structure r(y) of weight constructed 
in Lemma 1.4.6. This explains our notation for the functor F : WHodge^Q 



WHodgeQ. 

A. 1.7. Assume given a complex vector space V and let M be the formal neigh- 



borhood of e Let B be the Weil algebra of the manifold M, as in 10.1.2. 
For every n > the vector space is equipped with an R-Hodge structure 
of weight n, so that we can consider the localization S;"^. The sheaf (BB'i^^ is 
a commutative algebra in the tensor category Shv'^^^^ (SB). We will call the 
localized Weil algebra. 



The augmentation grading on B' defined in 7.2.2| is compatible with the 



Hodge structures. Therefore it defines an augmentation grading on the localized 
Weil algebra S'^^. The finer augmentation bigrading on B' does not define a 
bigrading on B'l^^. However, it does define a bigrading on the complexified 
algebra B'l^^ (g) C of C*-equivariant sheaves on the manifold SB (g) C = CP. 
A. 1.8. Assume now given a flat extended connection D : B' ^ B''^^ on 
M. Since the derivation D is weakly Hodge, it corresponds to a derivation 
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D : B'^^ ^'loc localized Weil algebra B\^^. It is easy to check that 

the complex (S;'^^, D) is acyclic in all degrees but 0. Denote by Ti^ the 0-th 
cohomology sheaf H'^{B'i^^). The sheaf TiP carries a canonical algebra structure. 
Moreover, while the derivation D does not preserve the augmentation grading 
on B'l^,,, it preserves the decreasing augmentation filtration (S;'oc)>.- Therefore 
we have a canonical decreasing filtration on the algebra Ti", which we also call 
the augmentation filtration. 

A. 1.9. It turns out that the associated graded quotient algebra giTiP with re- 
spect to the augmentation filtration does not depend on the extended connection 
D. To describe it, introduce the K- Hodge structure W of weight —1 by setting 
W — V as a. real vector space and 

M^-i^o = V <zV®kC, 
M 2) 

The fc-th graded piece gr^, with respect to the augmentation filtration is then 
isomorphic to the symmetric power S^{Wioc) of the localization Wioc of the M- 
Hodge structure W . In particular, it is a sheaf of weight — n, so that up to a 
change of numbering the augmentation filtration on TiP satisfies the condition 



( kA ) . The extension data between these graded pieces depend on the extended 
connection D. The whole associated graded algebra grTi" is isomorphic to the 
completed symmetric algebra S'{Wioc)- 

A. 1.10. Using standard deformation theory, one can show that the algebra map 
TiP — > B^^^ is the universal map from the algebra Ti" to a complete commutative 
pro-algebra in the tensor category of f/(l)-equivariant fiat coherent sheaves of 
weight on SB. Moreover, the localized Weil algebra B]^^ coincides with the 
relative de Rham complex of B^^^ over TiP . Therefore one can recover, up to an 
isomorphism, the whole algebra B]^^ and, consequently, the extended connection 
D, solely from the algebra n° in Shv^'^'(SB). Together with Lemma [AT5| (ii) 
this gives the following, due also to Deligne (in a different form). 

Proposition A.l The correspondence {B' , D) t-^ Ti'^ is a bijection between the 
set of all isomorphism classes of flat extended connections on M and the set 
of all algebras Ti" in the tensor category of mixed R-Hodge structures equipped 
with an isomorphism gr^i HP = W between the ~l-th associated graded piece of 
the weight filtration on TiP and the pure M.-Hodge structure W defined in (A. 2) 
which induces for every n > an isomorphism gr55„ Ti" = S"W . 

Remark. The scheme Spec 7i " over SB coincides with the so-called twistor space 
of the manifold TM with the hypercomplex structure given by the extended 



connection D (see [HKLR for the definition). Deligne's and Simpson's (|D2|, 
) approach differs from ours in that they use the language of twistor spaces 
to describe the relation between f7(l)-equivariant hypercomplex manifolds and 
mixed M-Hodge structures. Since this requires some additional machinery, we 
have avoided introducing twistor spaces in this paper. 

A.1.11. We will now try to use the localization construction to cludicate some of 
the complicated linear algebra used in Section H to prove our main theorem. As 
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we have already noted, the category WHodge of pure M-Hodge structures with 
weakly Hodge maps as morphisms is identified by localization with the category 
Shv'^^"'^''(SB) of J7(l)-equivariant flat coherent sheaves on SB. Moreover, the 
functor r : W7ioc?ge>Q — > WTiodgcQ introduced in Lemma 1.4. 6] is simply the 
functor of global sections r(SB, •). 

A. 1.12. Consider the localized Weil algebra B'l^^ with the derivation C : B]^^ 



^'loc associated to the canonical weakly Hodge derivation introduced in |7.3.2 



The differential graded algebra {B]^^ , C) is canonically an algebra over the com- 
pleted symmetric algebra S' {V) generated by the constant sheaf on SB with the 
fiber V . Moreover, it is a free commutative algebra generated by the complex 

(A.3) V — >V{1) 

placed in degrees and 1, where V{1) is the [/(l)-equi variant sheaf of weight 
1 on SB corresponding to the R-Hodge structure given by V{lY'^ = V and 

A. 1.13. The homology sheaves of the complex ( |A.3| ) are non-trivial only in 
degree 1. This non-trivial homology sheaf is a skyscraper sheaf concentrated 
in the point /(SpecC) C SB with fiber V. The associated sheaf on the com- 
plexification SB (g) C = CP splits into the sum of skyscraper sheaf with fiber V 
concentrated at G CP and the skyscraper sheaf with fiber V concentrated at 



oo G CP. This splitting coorcsponds to the splitting of the complex ( |A.3D itself 
into the components of augmentation bidegrees (1,0) and (0, 1). 
A. 1.14. Let now X' = S>q >q be the sum of the components in the Weil algebra 
B' of augmentation bidegree greater or equal than (1,1). The subspace I' C 
B' is compatible with the R-Hodge structure. The crucial point in the proof 



of Theorem gTj is Proposition |7.1| , which claim the acyclycity of the complex 
(r(2"),C). It is this fact that becomes almost obvious from the point of view 
of the localization construction. To show it, we first prove the following. 

Lemma. The complex (X;'^^,C) of U{l)-equivariant sheaves on SB is acyclic. 

Proof. It suffices to prove that the complex Ii^^^C of sheaves on SB® C = CP is 
acyclic. To prove it, let p,q> 1 be arbitrary integer, and consider the component 
i^'ioc)p q of augmentation bidegree (p, q) in the localized Weil algebra B]^^. By 
definition we have 

Since the complex (P;'oc)p o ~ ^^i^'ioc)io homology concentrated at S 
CP, while the complex (P;'oc)o q ~ ^'^ (^;oc)o i homology concentrated at 
oo € CP, their product is indeed acyclic. □ 
Now, we have T{T') ~ r(SB,X;'^^), and the functor r(SB, •) is exact on 
the full subcategory in Shv'^'^-' (SB) consisting of sheaves of positive weight. 
Therefore the complex (r(X'),C) is also acyclic, which gives an alternative 
proof of Proposition 

A. 1.15. We would like to finish the paper with the following observation. Propo- 



sition A.l can be extended to the following claim. 
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Proposition A. 2 Let M be a com,plex manifold. There exists a naturla bijec- 
tion between the set of isomorphism classes of germs of Hodge manifold struc- 
tures on TM in the neighborhood of the zero section M c TM and the set of 
multiplicative filtrations F' on the sheaf Or(M) C of C-valued real-analytic 
functions on M satisfying the following condition: 

• For every point m G M let Om be the formal completion of the local 
ring Om of germs of real-analytic functions on M in a neighborhood of m 
with respect to the maximal ideal. Consider the filtration F' on Om C 
induced by the filtration f on the sheaf Or{M) (g) C, and for every k>0 
let W-kOm C Om be the k-th power of the maximal ideal in Om- Then the 
triple {Om, F' ,W") is a mixed R-Hodge structure. (In particular, F'^ = 
for k > 0.) 

If the Hodge manifold structure on TM is such that the projection p : 
TMj —^Mis holomorphic for the preferred complex structure TMj on TM, 
then it is easy to see that the first non-trivial piece F°Or{M)(^C of the filtration 
F' on the sheaf Or(M) C coincides with the subsheaf 0{M) c Or{M) C of 
holomorphic functions on M. Moreover, since the filtration F' is multiplicative, 
it is completely defined by the subsheaf J'-^Or(M)(X'C C OR(M)(g)C. It would 
be very interesting to find an explicit description of this subsheaf in terms of 
the Kahlerian connection V on M which corresponds to the Hodge manifold 
structure on TM. 
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